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DOUBLE-DIMER CONDENSATION AND THE PT-DT
CORRESPONDENCE

HELEN JENNE, GAUTAM WEBB, AND BENJAMIN YOUNG

ABSTRACT. We resolve an open conjecture from algebraic geometry, which states that two
generating functions for plane partition-like objects (the “box-counting” formulae for the
Calabi-Yau topological vertices in Donaldson-Thomas theory and Pandharipande-Thomas
theory) are equal up to a factor of MacMahon’s generating function for plane partitions.
The main tools in our proof are a Desnanot-Jacobi-type condensation identity, and a novel
application of the tripartite double-dimer model of Kenyon-Wilson.
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1. INTRODUCTION

Donaldson-Thomas (DT) theory and Pandharipande-Thomas (PT) theory are branches
of enumerative geometry closely related to mirror symmetry and string theory (for an intro-
duction to these theories, see [12, Sections 33, 43]). In both theories, generating functions
arise known as the combinatorial Calabi-Yau topological vertices. These generating functions
enumerate seemingly different plane partition-like objects. In this paper, we prove that these
generating functions coincide up to a factor of M(q), MacMahon’s generating function for
plane partitions [4]. Our result, taken together with a substantial body of geometric work,
proves a geometric conjecture in the foundational work of Pandharipande-Thomas theory
that has been open for over 20 years.

The generating function from Donaldson-Thomas theory is known as the DT topologi-
cal vertex. Denoted V(uq, u2, pt3), where each p; is a partition, it counts plane partitions
asymptotic to (u1, po, p13) (see Section[3.1). The PT topological vertex, denoted by W (pu1, 12, p3),
is a generating function for a certain class of finitely generated Clxy, 23, z3]-modules (see Sec-
tion .

We prove that
Theorem 1.0.1. [II], Calabi-Yau case of Conjecture 4]

(1) Vs prz; pis) = M(Q)W (s s p13),
where M(q) = [T (1 —¢) "

i>1

The geometric corollary of this theorem is a proof of Theorem/Conjecture 2 of [11], which,
loosely speaking, states that W (uq, e, p13) computes the local contribution to the geometric
Calabi-Yau topological vertex in Pandharipande-Thomas theory. The proof of this corollary
combines Theorem with the analogous result in DT theory [5 [0 §], along with [7,
Section 4.1.2]; it is a consequence of the fact that both DT and PT theory give the same
invariants as a third enumerative theory, Gromov-Witten theory.H

To be specific, let Zpr(ui, pe, 3) be the geometric Calabi-Yau topological vertex in
Donaldson-Thomas theory, and let Zpr(uy, po, 13) be the geometric Calabi-Yau topolog-
ical vertex in Pandharipande-Thomas theory. We have the following system of equalities,
which we have temporarily labelled G, Epr, Epr and C' (G for geometry, E for enumeration,
C for combinatorics):

n [5 [6l T1] and in general elsewhere in the geometry literature, all of the formulas have ¢ replaced by
—q. The sign is there for geometric reasons which are immaterial for us.
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Zpr(p, pa, p3) 5 M(q)Zpr (i, pias 3)

EDT EPT

V(Nl, M2, /~03) —— M(Q>W(/~01; M2, Ms)

In the above, Equation G is the geometric PT-DT correspondence; it says that the two
enumerative theories are equivalent at the level of the topological vertex. The technique
involves showing that both theories are in fact equivalent to Gromov-Witten theory. On the
DT side, this was done in [5, [6]. For proofs that PT theory is equivalent to Gromov-Witten
theory, we refer the reader to a series of papers of Pandharipande and Pixton, culminating
in [10].

Equation Epr is proven in [5] [6]; it says that in the Calabi-Yau case, one can compute
Donaldson-Thomas invariants by enumerating plane partitions asymptotic to (u1, gz, t3)-
Proving it, and various generalizations of it, has represented a massive amount of work by
many geometers over several decades.

Equation Epr was conjectured in [IT, Theorem/Conjecture 2], and proven in the “two-leg”
case where p3 is the empty partition; it says (after cancelling the factor of M(q)) that one
can compute Pandharipande-Thomas invariants by counting labelled box configurations of
shape (fi1, fi2, f13)-

Equation C' is the titular combinatorial PT-DT correspondence; we prove it in this paper.
Taken together with Equations Epr and G, this establishes the general case of Equation
Epp [11l, Theorem/Conjecture 2.

We now turn to a discussion of the methods that we use to show that V' (uq, 2, p3) =
M (q)W (p1, pr2, pi3). The combinatorics problems which we solve are stated in the geometry
literature as “box-counting” problems; that is, the objects of interest are plane partition-like.
The following bijections are well-known:

finite-length monomial
ideals in Clxy, 2, x3]

dimer configurations on

the honeycomb graph <> plane partitions <>

The first one is a 3D version of the correspondence between partitions and their Maya
diagrams; it is stated explicitly in Section [3.2] We use essentially the same correspondence
to give a dimer model description of the DT topological vertex V(u1, pio, i£3). On the PT
side, the correspondences are:

tripartite double-dimer configs. (1) labelled box (2 Clz1, z2, z3]-modules
on the honeycomb graph configurations ~ (M; @ My @ M3)/((1,1,1))

The correspondence (1) is new, as far as we are aware. We describe labelled box configura-
tions, and the generating functions for them which arise in PT theory, carefully in Section [4]
Interestingly, though (1) is a purely combinatorial correspondence, it is not bijective—rather,
it is a weight-preserving, 1-to-many correspondence. Here M; C Clxy, 27!, 2o, 23] is spanned
by all monomials x’lxéx’g where ¢ € Z and (j, k) ranges over some fixed partition x4, with
My, M3 defined similarly; the quotient is killing the diagonal of the direct sum.

The correspondence (2) is incidental to this work and is described in [I1]; nor will we need
to discuss the structure of the modules in the codomain. We expect that our methods will
be relevant in other similar situations (one such situation arises in rank 2 DT theory [1])

and we would be eager to learn of other instances in which our techniques may apply.
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We prove Theorem by observing that both V/M(q) and W are solutions X to the

following functional equation:

(2) ¢™ X (1, s 13) X (5, 115°, pr3) = @7 X (Ui, oz ) X (g, 17 oa) -+ X (), 15, p03) X (15, piy, p13).
This recurrence is called the condensation recurrence. We postpone the definitions of pf, uf,
and ¢ to Section . Here, K := 14 (tt1)aqu) — d(p1) + (145) d(ue) — d(p2), where d()) is the
diagonal of A\. This constant is discussed further in Section [5

The partitions g, pf, and )¢ are all of smaller length than y;, and none of the topological
vertex terms are equal to zero, so we can divide both sides of the condensation recurrence
by ¢ X (17¢, us¢, pus). Viewed as a recurrence in g and g, the resulting equation uniquely
characterizes V/M(q) and W. The base case is when one of the partitions p; is equal to (;
equation ([1)) is known to hold in this situation [I1].

When recast in terms of the dimer model, V//M (q) is easily seen to satisfy equation ({2)) by
Kuo’s graphical condensation [3]; this is essentially the content of Section .

Showing that W satisfies equation is considerably more intricate, but once we translate
to the double-dimer model, the bulk of the work was done elsewhere, in work of Jenne [2].
Essentially, [2] evaluates a certain determinant by the classical Desnanot-Jacobi identity, and
then interprets all six terms in the identity in terms of W.

2. DEFINITIONS

Fix three partitions p = (1, g2, pu3). For this paper, we identify u; with the coordinates
of the boxes of its Young diagram, with the corner of the diagram located at (0,0) and the
rows of the diagram extending in the horizontal direction. Define the following subsets of
73, thought of as sets of boxes:

Cyl, = {(z,u,v) € Z* | (u,v) € puy},
Cyly = {(v.y,u) € Z° | (u,v) € p2},
Cyly = {(u,v,2) € Z* | (u,v) € us}.
Moreover, let Zgzo denote the integer points in the first octant (including the coordinate
planes and axes). Let Cyl” = Cyl; N Z%, and Cyl; = Cyl; \ Z%,. Finally, let
II; = Cyl, N Cyly \ Cyly,
[ = Cyl; UCyl, UCyly, II; = Cyly N Cyl, \ Cyl,, I = Cyl; N Cyl, N Cyls,
I3 = Cyl; N Cyly \ Cyls,
I =17 ull; Ulls,
and let
"= (Cyl}L U Cyly U Cyl}f) \ (Tu ).

When we wish to emphasize the dependence of Cyl;, Cyl,, Cyls, I7, II, III, or I on u, we
will write Cyly (i), Cyly (), Cylg(pu), I~ (1), (), M(p), or I (), respectively. Throughout

this paper, M will denote the quantity max{ (s )1, €(ju1), (12)1, £(p2), (tts)r, €(ts) .
We will need the following standard notions of Maya diagrams.

Definition 2.0.1. If A = (A, A, ..., \g) is a partition with &k parts, define A, = 0 for ¢ > k.
The Maya diagram of A is the set {\, — ¢+ 3} CZ + 3.
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We frequently associate a partition with its Maya diagram by drawing a Maya diagram as
a doubly infinite sequence of beads and holes, indexed by Z + %, with the beads representing
elements of the above set. For instance, the Maya diagrams of the empty partition and of
the partition A = (4,2, 1) are the sets {—%, —%, ...} and %, %, —%, —%, —%, ...}, respectively,
which are drawn as
++000|ee®- - and ---000e@00Ce|[0eceee- - .

When convenient, we simply mark the location of 0 with a vertical line, rather than labelling
the beads with elements of Z + %

Definition 2.0.2. Conversely, if S is a subset of Z + 1, define ST = {z € S|z > 0} and
ST={xe€Z+1\S|z<0}. If both S* and S~ are finite, then define the charge of 5,
c(S), to be |ST| — |S7|; then it is easy to check that the set {s — ¢(S) | s € S} is the Maya
diagram of some partition A; we say that S itself is the charge ¢(S) Maya diagram of \.

Definition 2.0.3. If A is a partition with Maya diagram S, let \" (resp. A°) be the partition
associated to the charge —1 (resp. 1) Maya diagram S\ {min S*} (resp. SU{max S~}). Let
A"¢ be the partition associated to the Maya diagram (S \ {min S*}) U {max S~}.

FIGURE 1. The graph H(3). Left: The division into sectors for DT. Right:
The division into sectors for PT.

In both DT and PT, it will be convenient to divide the N x N x N honeycomb graph
H(N) into three sectors and label some of the vertices on the outer face, as shown in Figure
for H(3). We remark that the divisions into sectors make sense as N — oo. The reason for
this choice of labels is that we will need to specify these particular vertices, both in DT and
PT, based on the Maya diagrams of iy, s, p3, and various other partitions. Furthermore,
if a vertex u on the outer face in sector ¢ is labelled by a positive (resp. negative) number,

we will say that u is in sector i* (resp. sector i™).
We will weight the edges of H(N) following Kuo [3].

Definition 2.0.4. [3 Section 6] Weight the edges of H(/N) so that the non-horizontal edges
have weight 1 and the horizontal edges are weighted by powers of ¢q. Specifically, the N

horizontal edges along the bottom right diagonal have weight 1. On the next diagonal, the
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FIGURE 2. The graph H(3) with edges weighted as specified in Definition [2.0.4]

horizontal edges have weight ¢. In general, the weight of the edges on a diagonal is ¢ times
the weight of the edges on the previous diagonal. This is illustrated in Figure

3. DT

3.1. DT box configurations. We say that a plane partition asymptotic to (u1, g2, p3) is
an order ideal under the product order in Z2, which contains I" UTIUTI, together with only
finitely many other points in Z2,. We let _P(,ul, L2, 1i3) denote the set of plane partitions
asymptotic to (pq, fo, i13)- -

If any of juy, ya, 3 are nonzero, then every m € P(uy, ptg, pt3) is an infinite subset of Z32.
We define w(r) = |7\ (IT UTTUII)| — || — 2|T|, the customary measure of “size” of such a
plane partition in the geometry literature (see, for instance, [9]).

Define
V([lflv Ha, M3) - Z qw(ﬂ—).

TP (p1,pz,13)

We call V(uq, pa, u3) the topological vertex in Donaldson-Thomas theory. Note that if
m € P(0,0,0) with || = n, then 7 is a plane partition of n in the conventional sense, that
is, a finite array of integers such that each row and column is a weakly decreasing sequence
of nonnegative integers. Thus MacMahon’s enumeration of plane partitions [4] gives us
V<®7 (b’ Q)) = Hfil (1 - qi)il‘

In [9], there is an expansion of V' (pu1, pz, 13) in terms of Schur functions. However, since no
similar expansion is known in PT theory, this expansion does not help prove Theorem [I.0.1]

3.2. DT theory and the dimer model. Before giving the dimer description of V' (1, pa, pi3),
we review the correspondence between plane partitions and dimer configurations of a hon-
eycomb graph. By representing each integer ¢ in a plane partition as a stack of ¢ unit boxes,
a plane partition can be visualized as a collection of boxes which is stacked stably in the
positive octant, with gravity pulling them in the direction (—1,—1, —1). This collection of
boxes can be viewed as a lozenge tiling of a hexagonal region of triangles that are the faces
of a finite planar graph 7. This lozenge tiling is then equivalent to a dimer configuration
(also called a perfect matching) of the dual graph of T, which is a honeycomb graph H ().
Just as a plane partition can be visualized as a collection of boxes, a plane partition

asymptotic to (1, pe, 13) can be visualized as a collection of boxes, as shown in Figure ,
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left picture. Moreover, a version of the above correspondence puts these box collections in
bijection with dimer configurations on the honeycomb graph H(NN) with some outer vertices
removed, which we call H(N; ). Specifically, let S; be the Maya diagram of y;. Construct
the sets S, S; for i = 1,2,3 and then remove the vertices with the labels in S;* U.S;” from
sector i of H(N) to obtain H(N;u) (here, we are referring to the labelling of the boundary
vertices illustrated in Figure , left picture).
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FIGURE 3. Shown left is a plane partition 7w asymptotic to (i1, pe, 3), where
i = (L1), 2 = pg = (2,1,1), [ = 9, || = 3, and w(r) = 13— 11| - 2|11| =
—2. We see that m is equivalent to a tiling, which is truncated in the center
image so that it corresponds to a dimer configuration of H(7) with a few
vertices on the outer face deleted.

Assume N > M. The bijection described above preserves weight up to an overall mul-
tiplicative constant, if we choose the edge weights in the dimer model correctly. The edge
weights we use are shown in Figure . Let ZP(G) denote the weighted sum of all dimer
configurations on G. Let My, (1) be the unique dimer configuration on H(N; i) of minimal
weight — equivalently, the one whose height function is minimal. We call M,;, (¢) the minimal
dimer configuration; see Section [5.2.1} This dimer configuration corresponds to the unique
plane partition Ty, (p) asymptotic to (uq, pe, f13) that has no “extra” boxes, i.e., the one
that contains only I Ul U IIl. Observe that M min (1) contributes to the lowest-degree term
of ZP(H(N; u)), while myi, (1) contributes to the lowest-degree term of V. In fact, adding a
box to a plane partition asymptotic to (1, pe, f13) increases the weight of the corresponding
dimer configuration by a factor of g, and removing a box decreases the weight by a factor
of ¢ (this is a consequence of the particular choice of edge weights). So, if the weight of
Moin(p2) is gmin®), then ¢~ m @ ZP(H(N; p)) and "2V (g, g, 1) agree, at least
up to degree N — M. In other words, if Wyin () := Wmin (1) + [IL(w)| + 2| ()|,

Theorem 3.2.1. As N — oo, ZP(H(N; ) := ¢~ %= ZP(H(N: 1)) converges to V iy, pia, pi3),
where the limit is taken in the sense of formal Laurent series.

When 1, = p1o = p3 = 0, the weight q“’"‘in(“) of Mumin(1t) is computed, for instance in [3].
For general p, the computation is substantially messier, and is postponed to Section [5.2.1]
7



3.3. The condensation recurrence in DT theory. We now show that the DT partition
function satisfies the condensation recurrence; this is a corollary of the well-known “graphical
condensation” theorem of Kuo:

Theorem 3.3.1. [3| Theorem 5.1] Let G = (Vi, Vi, E) be a weighted planar bipartite graph
with a given planar embedding in which |Vi| = |Va|. Let vertices a,b,c, and d appear in a
cyclic order on a face of G. If a,c € Vi and b,d € V;, then

(3) ZzP(@)ZP (G - {a,b,c,d}) = ZP(G — {a,b}) ZP (G — {c,d}) + ZP (G — {a,d}) ZP (G — {b,c}).

Take G to be H(N; uj¢, pus¢, pg) for N > M. Let a and b be the vertices in sector 1 labelled
by max S; and min Sy, respectively. Similarly, we let ¢ and d be the vertices in sector 2
labelled by max S, and min S;". The resulting six dimer model partition functions are all
instances of the topological vertex, up to degree N — M.

The graph G — {a, b, c,d} is H(N; uq, pa, 13),
G —{a,b} = H(N; p, 5%, i), and G —{e,d} = H(N; pt*, pa, pis)-

On the other hand, the graphs G — {a,d} and G — {b,c} are not equal to H(N; Aj, Aa, A3)
for any partitions Aj, Ag, A3, since such partitions would have to satisfy |S;| = |S;| £1
for ¢ = 1,2, which is impossible (the Maya diagram S of a partition A always satisfies
|ST| =]S7|). Instead, these graphs are associated with Maya diagrams of nonzero charge:
G —{a,d} is constructed from the charge —1 Maya diagram associated to uf and the charge
1 Maya diagram associated to u§, and G — {b,c} is constructed from the charge 1 Maya
diagram associated to p{ and the charge —1 Maya diagram associated to p;. However,
the correspondence discussed in Section can still be applied in these cases, with minor
modifications: plane partitions asymptotic to (u], u$, p3) correspond to dimer configurations
on G — {a, d}, with the origin in Z* corresponding to the face directly above the central face
of H(N), and plane partitions asymptotic to (u$, uh, pus) correspond to dimer configurations
on G — {b, c}, with the origin in Z? corresponding to the face directly below the central face
of H(N). For this reason, we refer to the dimer configurations on G — {a, d} and G — {b, ¢}
of minimal weight by M¥.and M2, | respectively.

in min?

FIGURE 4. A dimer configuration of H(7; u1, p2, pi3), and the vertices a, b, ¢,
and d, where p; = (3,2), u2 = (2,2), and ps = (2, 1).
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{b, ¢} and its minimal dimer configu-

FiGURE 5. Modifications of the graph G from Example 3.3.2] and their min-

imal dimer configurations. First row: The graph G

dimer configuration. Second row: The graph G — {¢,d} and its minimal dimer

configuration. Third row: The graph G
figuration. Fourth row: The graph G —

ration.

[ae)]
3
.S
=
[av}
N
o=
~ 4
Il
.
I 3
S5
QOIS

Example 3.3.2. Let N =7, and let 1,
a dimer configuration of G — {a, b, ¢, d}



We note that p}¢ = (3,1) and p5® = (2,1). The graphs G — {a,b} = H(N; py, ¢, p13) and
G —{c,d} = H(N; ¢, pa, p3), along with their minimal dimer configurations, are shown in
Figure

We have pf = (4), p§5 = (1,1,1), u§ = (2,1,1), and p = (3). The graphs G — {a,d},
G — {b, ¢} and their minimal dimer configurations are also shown in Figure . This figure il-
lustrates the fact that the correspondence between plane partitions asymptotic to (uf, p$, 13)
(resp. (u§, ph, 1)) and dimer configurations on G — {a,d} (resp. G — {b, c}) requires a shift;
the image shows that the “floor” of the plane partition is shifted up (resp. down).

Let ¢%mn and qwgﬂn be the weights of M “ and M2, . respectively. Then let @%. =

min min» min

wzlin + |H<IU’71‘7:M§7M3>| + 2|I[[</’L71"7:U’§7:U’3)|7 wmln - min + |H<:U’17:u27,u3)| + 2|]I[</’L17:U’27,U/3)|
ZP(H(N; 15, s, p1) — {a, d}) = g~ "o Z7(H(N; 115, 15, 1) — {a, d}),

and
Z (H(N /1“1 7:u2 ’M3> {b C}) =q mmZ (H(N /1“1 7:U’2 7”3) {b7 C})
Also, let

A = Wimin (1, 2, 113) + Winin (11, 15, 13),
B = Win(111°, 12, 113) + Wrnin (1, 137, p13), and
C = Wy, + wilin'

From and the preceding remarks, we have

(4) ¢ ZP(H(N; 1, iz, p13)) 27 (H(N; 13, 55, 1)

= P ZP(H(N; %, pa, 13)) 2P (H(N; o, 1" 1))

+ qCZD<H(N; ,ul 7:“2 ?:u3) o {CZ, d}>ZD< (N :ul 7:”2 7:“3) {ba C})

From Lemma we see that A = B, and we multiply equation (4 . ) by ¢=4. In Section m,
we show that C' — A = — K, which does not depend on the variable V. For this reason, we
can take N — oo; in this limit, all six of the Laurent series A converge to instances of V,
with different partitions as parameters. By Theorem m, the first four Laurent series 22
converge to V' (u1, pa, t3), V (11, 5%, pa), V(141 oy pia), and V (pa, p15°, p13), respectively. Sim-
ilarly, ZD(H(N :ul 7”2 7:“3) {a’ d}) converges to V(Mga M%a N3)a and ZD(H(N /1’1 7:“2 7”3)
{b, c}) converges to V (u, ub, pu3). Thus,

©®) Vi, po, ug)V(Mic, p5s i) = V(i%, i, i)V (s 15 i) + a7~V (], 15, 13) V(15 15, 13).-
Multiplying by ))2, we conclude that V/M(q) satisfies the condensation recurrence (2)).

4. PT

This section is, in principle, parallel to the previous one, except our computations are
done in PT theory [I1], rather than DT theory. However, the computations in question are
substantially more intricate.

The overall plan is as follows. In Section 4.1} we describe the original index set for the
generating function W (uy, o, u3) that was introduced in [11]; it consists of certain novel
plane-partition-like objects that we call PT box configurations. These configurations come

with a notion of labelling, which is needed to describe the coefficients of the generating
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function W. We introduce two alternate combinatorial models for the index set for W:
namely AB configurations in Section .2, and double-dimer configurations in Section [.3]
We demonstrate in Section that these combinatorial objects are computing the same
generating function W (uy, e, p13) by describing and analyzing algorithms, called the labelling
algorithms, which are used in recovering PT box configurations from the other models.
Finally, in Section [4.5, we review the facts we need from [2] about the condensation identity
in the double-dimer model, and explain how this identity is applied to compute W (1, pa, ft3)-

4.1. Labelled PT box configurations. We refer to elements of Z3 as cells.

Definition 4.1.1. If w = (wy, ws,w3) is a cell, the set of back neighbors of w, denoted
BN(w), is

{(wl - 17w27 w3)7 (w17 Wo — 17w3)7 <w17w27 w3 — 1)} .
We now introduce labelled box configurations. Their definition is taken from [I1].

Definition 4.1.2. A set of labelled boxes is a finite subset of I~ U I U Ill, whose elements
are referred to as boxes, where each type Il box w may be labelled by an element of

pi_p(Clu®C-2,6C 3,
v C-(1,1,1),

Definition 4.1.3. A labelled box configuration is a set of labelled boxes that satisfies the
following box-stacking rules.

Conditions 4.1.4. 1. If w € I and any cell in BN (w) is a box, then w must be a box.

2. If w € II; and any cell n € BN (w) is a box that is not a type III box labelled span{i,, +
C-(1,1,1),}, then w must be a box.

3. If w € Il and the span of subspaces of

(C‘]_w@@‘zw@@"?’w
C-(1,1,1),
induced by boxes in BN (w) is nonzero, then w must be a box. If the dimension of the

span is 1, then w may either be labelled by the span or be unlabelled. If the dimension
of the span is 2, then w must be unlabelled.

Remark 4.1.5. By Conditions [4.1.4]13, if w € Il and n € BN (w) is an unlabelled type III
box, then w must be an unlabelled box. This is because unlabelled type III boxes induce the

. : C-1,8C-2,8C-3,
whole 2-dimensional space T,

We then define
W(Mla M2, ,UB) = qi‘mimm Z XtOp(ﬂ')qw?

labelled box configs. m

where || is the number of boxes in 7 plus the number of unlabelled type I boxes in T,
and Xop(m) is the topological Euler characteristic of the moduli space of labellings of .
When we wish to emphasize the variable being used, we will write W (g1, p2, pi3; ) instead
of W(,ulv M2, :u3)

We will also use the terminology introduced in the following definition.
11



Definition 4.1.6. We say that a type Il box w of a labelled box configuration 7 is freely
labelled if w is labelled and for any ¢ € PL . there is a labelling of 7 in which w is labelled /.

In this case, we also say that w is labelled by a freely chosen element of P!.
The following example appears in [I1], Section 5.4].

Example 4.1.7. Let py = (1), u2 = (2), and pg = (1). Then II = {(0,0,0)} and I = Iy =
{(0,0,1)}. We list labelled box configurations 7 with || < 3.
There is a unique empty labelled box configuration. There are two labelled box configu-
rations m with |7| = 1:
(1) a box at (0,0,0) labelled with C - L 0,0) + C- (1,1, 1)(0,0,0),
(2) a box at (0,0,1).

There are three labelled box configurations with || = 2:

(1) boxes at (0,—1,1) and (0,0, 1),
(2) a box at (0,0,0) labelled with C - 1900+ C-(1,1,1)(0,0,0) and a box at (—1,0,0),
(3) a freely labelled box at (0,0,0) and a box at (0,0,1).

There are six labelled box configurations with || = 3:

(1) an unlabelled box at (0,0,0) and a box at (0,0, 1),

(2) a freely labelled box at (0,0,0), and boxes at (0, —1,1) and (0,0, 1),

(3) abox at (—1,0,0), a box at (0,0,0) labelled with C- 100y +C-(1,1,1)(0,0,0), and a
box at (0,0, 1),

(4) a box at (0,0,—1), a box at (0,0,0) labelled with C- 30,0 +C- (1,1,1)(0,0,), and a
box at (0,0, 1),

(5) a box at (0,0,0) labelled with C - 100 + C - (1,1,1)(0,0,0), and boxes at (—2,0,0)
and (—1,0,0),

(6) boxes at (0,—2,1), (0,—1,1), and (0,0, 1).

4.2. Labelled AB configurations. Given a labelled box configuration 7 such that xiop(7) =
2% our objective is to associate to 7 a certain collection of 2 pairs (A, B), called labelled
AB configurations. We begin by defining AB configurations, and then describe how to label
these configurations.

Definition 4.2.1. An AB configuration is a pair (A, B) of finite sets A C I~ U Ill and
B C MU, whose elements are referred to as boxes, which satisfies the following conditions.

Conditions 4.2.2. 1. If w € " UIIl and BN (w) N A # @, then w € A.
2. fwe Ul and BN(w) N B # &, then w € B.

We remark that these are the familiar conditions for plane partitions, except that gravity
is pulling the boxes in the direction (1,1,1). Also, we call an AB configuration (A, B) empty
(resp. nonempty) if AU B is empty (resp. nonempty).

If there is a labelled box configuration 7 so that the additional conditions below are
satisfied, then we say that (A, B) is an AB configuration on 7.

Conditions 4.2.3. 1. AU B is the set of boxes in 7.
2. AN B is the set of unlabelled type III boxes in 7.

12



FIGURE 6. The AB configuration (I, I UIII), in the case where puy = ps =
ps = (2).

4.2.1. The base AB configuration. The set of all AB configurations on 7w will be denoted
B (). There is always at least one way to construct an AB configuration on 7. This will
be called the base AB configuration, ABpase (7).

Definition 4.2.4. Construct A and B from the boxes of 7 as follows. Let A consist of the
type I” boxes and the type IIl boxes. Let B consist of the type II boxes and the unlabelled
type III boxes. Define ABy,s(7) = (4, B).

Example 4.2.5. If 1y = py = p3 = (2), then there is a labelled box configuration
consisting of an unlabelled type I box (0,0,0), and type I boxes (1,0,0), (0,1,0), and
(0,0,1). The base AB configuration is ABp.s(m) = (A, B), where A = {(0,0,0)} and
B = {(0,0,0),(1,0,0),(0,1,0),(0,0,1)}, and is illustrated in Figure[6] In this case, A = I
and B =T U I

We will now show that ABpase(m) € @ (m). To establish this fact as well as subsequent
statements, the following lemmas will be needed.

Lemma 4.2.6. Suppose w € Cyl; and n(i) € BN(w) is the back neighbor obtained by
subtracting 1 from the ith coordinate of w. Then, if © = j or the ith coordinate of w is
positive, n(i) € Cyl;.

Proof. Let w = (wy,wy,w3) and n(i) = (ny,n2,ng), so that n; = w; — 1 and n; = wy
for [ # 4. In what follows, all indices should be considered modulo 3. Since w € Cyl;,
(Wjs1, wis2) € py. Suppose i = j. Then (nji1,n42) = (wjt1, wir2) € py, so n(z) € Cyl;.
Suppose w; > 0. We may assume ¢ # j, so i = j+ 1 or ¢ = j+ 2. In the first case,
wjt1—12>0,80 (N1, nj42) = (wjy1 — 1, w;42) € pj, while in the second case, wjo —1 > 0,
80 (141, Mj12) = (Wjt1,wjy2 — 1) € pj. In both cases, n(i) € Cyl,. O

Lemma 4.2.7. Leti € {1,2,3}. Ifw € I" is adjacent to w' € If;, then w € Cyl; for some
je{1,2,3}\ {i}.

Proof. Either w € BN(w') or w' € BN(w). Since w’ € T C Z2,, if w' € BN(w), then
w € Z3,. However, w € I", so w & Z&,. Thus, w € BN (w’). Since w € I, w € Cyl; for
some j € {1,2,3}, so the jth coordinate of w must be negative. Since w’ € Z3,, w must be
the back neighbor obtained by subtracting 1 from the jth coordinate of w’. Since w € Cyl;,
we find that w' € Cyl;. On the other hand, since w' € Il;, w’ & Cyl;, so j # i. O

13



Lemma 4.2.8. Let i € {1,2,3}. If w € I is adjacent to w' € IL;, then w € IL.

Proof. Either w € BN (w') or w' € BN(w). If w € BN(w'), observe that w’ € Cyl; for
j # 1, so by Lemma , BN(w')NZ%, C Cyl;. Since w € I C Z&, we have w € Cyl; for
J # 1,0 w € II;. Otherwise, w’ € BN (w). Then w € II; for some j € {1,2,3}, and by the
same argument, w’ € II;. We deduce that j =, so w € II;. O

Lemma 4.2.9. Suppose w € Ill and n € BN(w). Thenn € I U Il

Proof. Let n(i) € BN (w) be the neighbor obtained by subtracting 1 from the ith coordinate
of w. If n(i) ¢ I, then n(i) ¢ Cyl; for some j € {1,2,3}, so by Lemma m, the ith
coordinate of w is not positive. Since w € I C Z3, it follows that the ith coordinate of w
is 0, so the ith coordinate of n(i) is —1. Therefore, by the same lemma, n(i) € Cyl, \ Z2, =
Cyl- CI. O

Lemma 4.2.10. If 7 is a labelled box configuration, then AByys.(m) satisfies Conditions
and Conditz’ons i.€., ABpgse(T) € AB(T).

Proof. Let (A, B) = ABpase(m). Conditions[d.2.3)are immediate. To check Conditions[4.2.2]1,
suppose that w € I" Ul and n € BN (w) N A. We must show that w € A. Since n € A, n
is a box of 7 in I” UL If w € T~, the claim follows from Conditions [4.1.41. If w € T, the
claim follows from Conditions [4.1.4].3.

Similarly, to check Conditions .2, suppose that w € TUII and n € BN(w) N B. We
must show that w € B. Since n € B, n is a type Il box of 7 or an unlabelled type III box
of . If w € I, then the claim follows from Conditions [£.1.4]2. If w € I, then w is a box
of m, by Conditions [£.1.413, but we need to check that w is unlabelled. Since w € III and
n € BN(w), Lemma shows that n cannot be in II, so it must be an unlabelled type III
box. Since n is unlabelled, w must be unlabelled as well by Remark [4.1.5] U

We will also need the following definitions.

Definition 4.2.11. Let PT-box be the set of all labelled box configurations, and let .&/%,,
be the set of all AB configurations.

Let Ppase : PT-box — @, be the map that sends m to ABypase(m), and let GPByase =
®pase(PT-box). Observe that

r5%%@150 = U {ABbaSC (7'(')} .

wePT-box

4.2.2. The labelling algorithm for AB configurations. Thus far, we have described a method
for constructing an AB configuration from a labelled box configuration. We now describe
an algorithm that labels AB configurations. When successful, its output can be used to
construct a labelled box configuration from an AB configuration. Note that the algorithm
assigns labels to cells, not boxes.

Definition 4.2.12. Let (A, B) € @.;. We call the set
L(A,B):=(1 nA)u @\ B)uU[In(AAB))

the labelling set of (A, B).
14



We label cells by assigning labels to connected components of L(A, B) using the following
algorithm.

Algorithm 4.2.13. 1. If a connected component of £(A, B) contains a cell in Cyl; UIl; and
a cell in Cyl;” UTl;, where i # j, terminate with failure.

2. For each connected component C' of £(A, B) that contains a cell in Cyl; U II;, label each
element of C' by 1.

3. For each remaining connected component C' of L(A, B), label each element of C' by the

C~1@(C-269(C~3>

same freely chosen element of P ( CaLD

Remark 4.2.14. When the context is clear, we will denote P (%) by Pt We will

also use (21, 22, 23),, to denote span {211y, + 202, + 233, + C- (1,1,1),} € P (W)

and (z1, 29, 2z3) to denote span{z11 4+ 22+ 233+ C-(1,1,1)} € P (%).

Definition 4.2.15. For i € {1,2,3}, if w € Cyl; UTI;, set {(w) := 1.

Lemma 4.2.16. If w € I" Ul is labelled at any point in Algom'thm then it is labelled
by L(w).

Proof. Let w € 1" UIIl. Suppose w is labelled at some point in Algorithm 4.2.13 Then
w is an element of some connected component C' of L(A,B). If w € 17, then w € Cyl;

for some i € {1,2,3}, so w is labelled by ¢ in step 2 of Algorithm [4.2.13] and ¢(w) = 1.
Otherwise, w € I, so w € II; for some i € {1,2,3}. In this case, w is labelled by i in step 2

of Algorithm [4.2.13| and ¢(w) = 1. O
Definition 4.2.17. Given (A, B) € &%, and a connected component C of L(A, B), let

N(C) = |{{(w) |[weCn (I"Ull)}|.

Remark 4.2.18. Let (A, B) € &%.y;. Algorithm terminates if and only if there is a
connected component C' of L£(A, B) such that N'(C') > 1. Moreover, if Algorithm does
not terminate, then a connected component C' of L(A, B) is labelled in step 2 if and only if
N(C) =1, and C is labelled in step 3 if and only if A'(C) = 0. Finally, if w is labelled in
step 3 of Algorithm then w € C, where C' is a connected component of L(A, B) that
does not contain any cells in Cyl; UIl; for any i € {1, 2,3}, so

3

weCCL(AB)\ (U Cyl, U ]Ii) =L(A,B)\(I"ull) CIIn(AAB).

i=1

Because Algorithm [4.2.13| may fail in step 1, there are AB configurations that cannot be
labelled.

Definition 4.2.19. A labelled AB configuration is an AB configuration for which Algo-
rithm [£.2.13] succeeds.

Example 4.2.20. As in Example [1.1.7 let p1 = (1),p2 = (2), and pz = (1), so Il =
{(0,0,0)} and I = II; = {(0,0,1)}. In Figure[7] we illustrate four AB configurations, three
of which are labelled AB configurations. The first three of these configurations appear in
Example as the configuration (1) with |7| = 1, the configuration (4) with |r| = 3, and
the configuration (3) with |7| = 2.
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FIGURE 7. The AB configurations from Example [4.2.20]

(1) A consists of a single box at (0,0,0) and B = @. Step 2 of Algorithm gives
the connected component consisting of cells (0,0,0) and (0,0,1) the label 1, which
is indicated by the color purple. The cell (0,0,0) is opaque because it is a box; the
cell (0,0,1) is not.

(2) A ={(0,0,0),(0,0,—1)} and B = {(0,0,1)}. The box in B is not in the labelling
set. Step 2 labels the cells in A by 3, which we illustrate by coloring the two boxes
cyan. The box at (0,0, 1) is colored gray because it does not get a label.

(3) A=@ and B = {(0,0,0),(0,0,1)}. Again, the box at (0,0, 1) is not in the labelling
set. The box at (0,0,0) has a freely chosen label in P!.

(4) B = @ and A = {(0,0,0),(0,0,—1)}. The algorithm terminates with failure in
step 1 because (0,0,—1) € Cyly and (0,0, 1) € II1, and these cells are in the same
connected component. In the figure, (0,0,0) is colored both cyan, required by the
box at (0,0, —1), and purple, required by the cell at (0,0, 1).

FiGURE 8. The AB configuration from Example [4.2.21

Example 4.2.21. Figure |8 shows a labelled AB configuration with gy = (3,3,1), pg =
(3,2,2,1), and p3 = (5, 3,3,1). The left image shows the configuration. The boxes belonging
to A are marked; all other boxes are in B. The right image includes surrounding cells in II.
In both images, yellow cells are labelled 2 and purple cells are labelled 1. Opaque cells are
boxes in the configuration and transparent cells are not. The two connected components of
L(A, B) labelled by freely chosen elements of P! are colored black and orange, respectively.

4.2.3. Projection to the base AB configuration. Given a labelled AB configuration (A, B),
we can define a set of labelled boxes m(A, B) as follows.

Definition 4.2.22. Take AU B to be the set of boxes of m(A, B) and label type IIl boxes
using the labels specified by Algorithm [4.2.13] More precisely, given a connected component
C of L(A, B), if Algorithm 4.2.13|labels C by i € {1,2,3}, let the label of w € I N C in

(A, B) be span{i, + C-(1,1,1),,}, while if Algorithm [4.2.13| labels C' by a freely chosen
16



element (21, 29, 23) of P!, let the label of w € M N C in 7(A, B) be the same freely chosen
element (21, 23, 23),, of PL.

Define a map P : &%, — B by letting P(A, B) be the AB configuration obtained by
moving all multiplicity 1 type III boxes into A. That is, let

P(A,B)=(AU(IIN(B\A)),B\ (IIIN(B\A)).

Lemma 4.2.23. This map is well-defined. In fact, P takes every element of <% (m) to
ABbase(ﬂ-)-

Proof. Given (A, B) € &Py, let (A, B') = (AU(IIN(B\A)),B\(IIN(B\A))). We need
to see that (A', B') € @Ba.

First, A CAUIMI C I Ulll and B’ C B C I U are finite, since A’ C AU B and since
A and B are both finite. Also, note that A C A’. To check Conditions [4.2.2,1, suppose
wel UMlandn € BN(w)NA". If n € A, then w € A C A’, by Conditions |4.2.2/1 and the
fact that (A, B) is an AB configuration. Otherwise, n € A’\ A, i.e., n € IIN(B\ A). Then
nell CZ3, sow e Z2,. Sincew €I~ UII, it follows that w € T, so by Conditions 2
and the fact that (A, B) is an AB configuration, w € IN B C M N (AU B) C A’.

Similarly, to check Conditions |4.2.2\2, suppose w € I UII and n € BN (w) N B’. Since
B' C B, w € B, by Conditions 4.2.2|2 and the fact that (A, B) is an AB configuration.
If w e I, then w € B’. Otherwise, w € IlI. By Lemma , n € I" Ul However,
ne€ B CHNUII Thus, n € Ill. Sincen e B,nellNB' CINB\(B\A) CANB. In
particular, n € A, so by Conditions [4.2.2]1 and the fact that (A, B) is an AB configuration,
weA ie,we ANBCB.

Finally, suppose (A, B) € @%(rw). The fact that (A’, B") € @B(r) is a consequence of
the equalities AU B = AU B, and A'N B’ = AN B, which are both clear. We claim that
(A’, B') = ABpase(m). To see this, we must show that A’ consists of the type I” and type III
boxes of 7, while B’ consists of the type I and unlabelled type III boxes of 7. Since (A’, B’) is
an AB configuration on 7, we have A’ C I” UIll and B’ C HUII, and by Conditions 4.2.3/1,
A’ must contain all type I~ boxes of w, while B’ must contain all type II boxes of 7. Also,
by Conditions [4.2.3.2, we know that A’ and B’ contain all unlabelled type III boxes of 7.
So, by Conditi.l and since A C I" UIIl and B" C DU, (A", B") = ABpase(m)
if A’ contains all labelled type Il boxes of m and any box w € B’ NI is unlabelled. For
the first statement, if w is a labelled type III box of 7, then by Conditions [4.2.3] w €
M ((AUB)\ (ANB) = A ((A\ B)U(B\ A)) C (A\ B)U (N (B\A) C A
For the second statement, if w € B’ N1 is a labelled box of 7, then by Conditions [4.2.3]
weBN(AUBY\(ANB)=BnNn(A\B)YU(B'\A")) CB\A sow¢gA D A. This
in turn implies that w € IIN (B"\ A) CIIN(B\ A) C A’, a contradiction. O

Let 9 = P~ (9 Byase). Clearly,
ABrase © | ) AB(r) C AB C AP

mePT-box

In fact, the following lemma shows that | @8(w) = @B8. Moreover, as defined, P|.
wePT-box
is a surjection from @28 onto B se.
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Lemma 4.2.24. We have
aB= ) oBr).
me€PT-box

More precisely, P~ (ABpyse(m)) = AB(7).

Proof. By Lemmal4.2.23] &#8(r) C P~ (ABiase(T)). Conversely, suppose (A, B) € P~Y(ABypase(T)),
that is, (A, B) is an AB configuration such that (A’, B’) := P(A,B) = AByase(m). To

show that (A,B) € @%(rn), we just need to check that Conditions hold. Since
(A, B") = AByase(m) € @PB(m), we have that AU B = A" U B’ is the set of boxes in
mand AN B = A’ N B’ is the set of unlabelled type Il boxes in m, as desired. Thus,

P Y ABypase(m)) C @%(r). Finally,

AB = P_l(«ﬂ%base) = P_l ( U {ABbase(ﬂ-)}>

wePT-box

= |J P 'UBuelm) = | ()

w€PT-box wE€PT-box

O

Lemma 4.2.25. Suppose 7 is a labelled bozx configuration, (A, B) € AB(w), and w € LN
(AAB) is a box that is adjacent to a celln € L(A, B). Ifn € Cyly UII; for somel € {1,2,3},
then the label of w in 7 is span{l, + C- (1,1,1),}. If n € IIIN(AAB)N BN (w), thenn is a
labelled type IIT boz of , and if the label of n in w is span {z11,, + 202, + 233, + C- (1,1,1),},
then the label of w in m is (21, 22, 23)w-

Proof. By Conditions , w is a labelled type Il box of m. Suppose n € Cyl; for some
1€{1,2,3}. Thenn eI NAandn ¢ Z3,. Sincew € Il C Z3,, n € BN (w). Since (A, B) €
A (), n is a box of 7, by Conditions .1. Then, note that the span S of subspaces of
% induced by boxes in BN (w) contains the subspace span{l,, + C - (1,1,1),},
so S is that subspace or S is 2-dimensional. By Conditions 4.1.413, it follows that the label
of win 7 is span{l, + C - (1,1,1),,} or w is an unlabelled box of 7. In the latter case,
by Conditions [£.2.3]2, w € A N B, contradicting the fact that w € AAB. So, the former
statement must hold.

Suppose n € IIj for some [ € {1,2,3}. Then n € II \ B. By Lemma [£.2.9, n ¢ BN (w),
sow € BN(n). Since ACIT UM, n & A, son ¢ AUB. Since (A,B) € @B(w), n is
not a box of 7, by Conditions [£.2.3/1. By Conditions [4.1.4]12, the label of w in 7 must be
span{l, +C- (1,1,1),}.

Finally, suppose n € IIN(AAB)NBN (w). Then, by Conditions[4.2.3] n is a labelled type
I box of 7. Let £,, denote the label of w in 7 and span {211, + 222,, + 233, + C- (1,1,1),,}
be the label of n in 7. Since n € BN (w), the span S of subspaces of W induced
by boxes in BN (w) contains the subspace (z1, 29, 23),, induced by n. By Conditions [4.1.4]3,
S is 1-dimensional and ¢, = S. Thus, £, = S = (21, 22, 23)- O

Theorem 4.2.26. Given an AB configuration (A, B), Algorithm succeeds if and only
if (A,B) € oA.

Proof. Let (A, B) € @#%.;. Suppose Algorithm [4.2.13| succeeds. By Lemma [4.2.24] to show

that (A, B) € @, it suffices to find a labelled box configuration 7 such that (A, B) € @ (r).
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To achieve this, we will show that w(A, B) satisfies Conditions [4.1.4] and then show that
Conditions [4.2.3 hold.

Conditions [£.T.4l Suppose w € I” and n € BN (w) N (AU B). Since w & Z3,, n & Z3,, so
n ¢ MU I, implying that n € A. Then, by Conditions 221, w e A C AU B. -

Next, suppose w € II; and n € BN(w) N (AU B) is not a type Il box labelled span{i,, +
C-(1,1,1),}. If n € B, then by Conditions m.Q, w € B C AU B. Otherwise, n ¢ B,
son € A\ B. Thenn € I" UIIl. If n € I7, by Lemma, n € Cyl; for some j €
{1,2,3} \ {i}. Sincen e ' N A C L(A, B) and Algorithm does not terminate at step
1, well\L(A,B) C BC AUB. Otherwise, n € Ill. In this case, suppose w ¢ AUB. Then
wel\BCL(AB)andn e lIN(A\B) CIIN(AAB) C L(A, B), so Algorithm [1.2.13]
assigns a label of i to n at step 2. However, by Definition the label of n in 7(A, B)
is span{i, + C- (1,1,1),}, contradicting our assumption, so w € AU B.

Now, suppose w € Il and the span S of subspaces of W induced by boxes in
BN(w) N (AU B) is nonzero. In this case, BN (w) N (AU B) # &, so by Conditions [4.2.2/2,
w € AU B. By Lemma [4.2.9) BN(w) C I~ UTI, so

BN (w)N(AUB) C (I"UIIN(AUB) = (I"N(AUB))U(IIN(AUB)) C (I"NA)U(IIN(AUB)).

Suppose the dimension of S is 1. Then no cell in BN(w) N (AU B) is left unlabelled
by Algorithm , for any such cell must be an unlabelled type Il box in 7(A, B), and
such boxes induce the whole 2-dimensional space %. As a result, BN(w)N (AU
B) C L(A,B). We must show that the label of w in m(A, B) is S or w is unlabelled in
7(A, B). Suppose w is not unlabelled in 7(A, B). Then Algorithm must assign a
label to w, so w € L(A, B). Thus, since w is adjacent to each cell in BN(w) N (AU B),
{w} U (BN(w) N (AU B)) is contained in a single connected component C' of L(A, B), so
Algorithm assigns the same label ¢ to each element of {w} U (BN (w) N (AU B)).

Let n € BN(w)N (AU B). Since BN(w)N(AUB) C (I"nA)U(IllN (AU B)), either
n el NA,son € Cyl; forsomei € {1,2,3} and ¢ =i, or n € IIN(AUB). In the first case, n
induces the subspace span{i,+C-(1,1,1),} of W, so span{i,+C-(1,1,1),} C S,
but since S is 1-dimensional, span{i, + C- (1,1,1),,} = S. Then, since w € I N (AU B)
and Algorithm [4.2.13]labels w by ¢ =i € {1, 2,3}, the label of w in 7(A, B) is span{i, + C-
(1,1,1),} = S, according to Definition In the second case, since n,w € IIN (AU B)
and Algorithm labels n,w € {w} U (BN(w) N (AU B)) by ¢, either ¢ € {1,2,3} and
the labels of n and w in w(A, B) are span{€, + C-(1,1,1),,} and span{£€, + C- (1,1,1),},
or £ is a freely chosen element (zy,29,23) of P! and the labels of n and w in 7(A, B) are
the same freely chosen elements ¢, := span{z11, + 292, + 233, + C- (1,1,1),,} and ¢, :=
(21, 22, 23)w. Then n induces the subspace span{€, + C - (1,1,1),,} or ¢, respectively, of
W, so span{f, + C - (1,1,1),,} € S or ¢, C S, respectively. Since S is 1-
dimensional, span{€,, +C-(1,1,1),,} = S or £,, = S, respectively. That is, the label of w in
m(A,B)is S.

Suppose the dimension of S is 2. We must show that w is an unlabelled box of 7 (A, B).
In other words, we must show that w ¢ L(A, B). If BN(w) N AN B # @, then by Con-
ditions , wellINANB, sow & L(A,B). Otherwise, BN(w) N AN B = &. In this
case, since BN(w)N(AUB) C (I"nA)u N (AUB)), we have BN(w) N (AU B) C
(I"NMA)U N (AAB)) C L(A, B). Suppose w € L(A, B). Then, since w is adjacent to
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each cell in BN(w)N (AU B), {w} U(BN(w)N (AU B)) is contained in a single connected
component C' of L(A, B), so Algorithm assigns the same label ¢ to each element of
{w} U (BN(w)N (AU B)). Either £ € {1,2,3} or £ is a freely chosen element (z1, 2, 23)
of P'. By the arguments given in the previous paragraph, in the first case, each element of
BN(w) N (AU B) induces the subspace span{€,, + C - (1,1,1),} of W, and in
the second case, each element of BN (w) N (AU B) induces the same freely chosen element
by = (21,22, 23) of PL. In the first case, S = span{£, + C-(1,1,1),}, and in the second
case, S = {,,. In either case, S is 1-dimensional. By contradiction, w ¢ L(A, B).

Conditions [4.2.3l Conditions [£.2.3]1 holds by construction. For Conditions [4.2.3]2, suppose
w € AN B. Then, since A CI" Ul and B C DU, w € (I" UIll) n (T ull) C II,
which means that w ¢ L£(A, B). Therefore, w is an unlabelled box of m(A, B). Conversely,
suppose w is an unlabelled type I box of 7(A, B). Then w € MIN(AUB)\ L(A, B) C ANB.

For the converse, suppose (A4, B) € @8. Then, by Lemma [4.2.24] (A, B) € «%(r) for
some m € PT-box. We must show that Algorithm 4.2.13| succeeds, i.e., we must show that
it passes step 1. Suppose not. Then a connected component C of L(A, B) contains a cell
w; € Cyl; UI; and a cell w; € Cyl; U, where i # j.

Suppose w; is adjacent to w;. Without loss of generality, assume w; € BN (w;). Observe
that Cyl; is not adjacent to Cyl;, because Cyl; and Cyl; are subsets of non-adjacent
octants of Z3, so at least one of w; and w; is a type II cell. In fact, if w; € I C Z2, since
w; € BN(w;), we have w; € Z2,. Then w; € 1", in which case, w; € II. In any case, we
deduce that w; € II, so w; € II;. Suppose w; € II. Then, by Lemma , w; € II;. Since
w; € Cyl; UIL; and 7 # j, this is a contradiction. Consequently, w; ¢ II, so w; € Cyl; C 1.
Furthermore, w;, w; € L(A, B), so w; € A C AU B, while w; ¢ I” ULl U B, implying that
w; ¢ AU B. By Conditions [£.2.3]1, w; is a box of 7, while w; is not. On the other hand,
by Conditions .2, w; is a box of m. By contradiction, w; is not adjacent to w;. In fact,
since w; and w; were arbitrary, this argument shows that C' cannot contain two adjacent
cells w,w" € I” Ul such that ¢(w) # ¢(w').

Since w;,w; € C and C is a connected subset of L(A, B), there is a sequence of adjacent
cells w; == po,p1,...,pr = wj, each of which is an element of C C L(A,B). Let 0 <t <r
be the index such that p; is the last cell in this sequence that is an element of Cyl; U II;.
Then p;, w; € C' and pt, prya, ..., pr = wj is a sequence of adjacent cells, each of which is an
element of C'. So, without loss of generality, assume that w; is the only cell in the sequence
w; = Po,P1,--.,pr = w; that is an element of Cyl; UIl;. Then, let 0 < ¢ < r be the
index such that py is the first cell in the sequence pi,ps,...,p, = w; that is an element of
I UIL. Since w; is the only cell in the sequence w; = pg, p1,...,p, = w; that is an element
of Cyl; UTly, pp € (I UI) \ (Cyl; UIL), so py € Cyl; U for some I € {1,2,3}\ {i}.
Also, w;, py € C and w; = po, p1, - .., pr is a sequence of adjacent cells, each of which is an
element of C. So, without loss of generality, assume that p, € I" Ul for 0 < s < r. Then,
forO0<s<r, ps€ LA B)\(I"Ull) CIIN(AAB). Moreover, since w; is not adjacent to
wj, 1 <r,so 1 <r—1. In particular, p,...,p,_1 € IIN (AAB).

Since p; € IIN(AAB) is adjacent to py = w; € L(A, B)N(Cyl; UIL;), Lemmashows
that the label of p; in 7 is span{i,, +C- (1,1, 1),, }. Similarly, p,_; € IIN(AAB) is adjacent
to p, = w; € L(A, B) N (Cyl; UI;), so the label of p, ; in 7 is span{j,,_, + C-(1,1,1),,_, }.
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Since ¢ # j, 1 < r — 1. However, by Lemma [4.2.25, we then find that the label of ps in 7 is
span{i,, + C - (1,1,1),,}, since p; € BN(ps) or po € BN(p;). Then, since i # 7,2 <r — 1.
By repeating this argument finitely many times, we eventually see that the label of p,_;
in 7 is span{i,, , + C- (1,1,1),, ,}, contradicting the fact that i # j. This completes the
proof. O

Corollary 4.2.27. Given (A, B) € &%, w(A, B) is a labelled box configuration.

Proof. According to the theorem, Algorithm 1 succeeds. So, as established by the first half
of the proof, (A, B) is a labelled box configuration. O

Define ¢pase @ PBpase — PT-box by letting tpase(A, B) = w(A, B).
Lemma 4.2.28.

(bbasewbase = 1421%1,(158 )

¢base¢base = 1PT-boa[;-

Proof. For the second equation, we must show for all 7 € PT-box, that {pase(Ppase(T)) = 7.
However, ¢pase(m) = ABpase(T), s0 we just need to show that ¥pase(ABpase(m)) = 7. And,
given this equation, we have

¢base(¢base(ABbase(W))) = gbbase(ﬂ-) = ABbase(ﬂ-)

for all # € PT-box, thereby also establishing the first equation. In other words, it suffices to
show for all 7 € PT-box, that if (A, B) := ABpase(7), then m(A, B) = . So, let 7 € PT-box
and (A, B) = ABypase(m). First, since (A, B) = ABypase(m) € FPB(m), AU B is the set of
boxes in 7, and A N B is the set of unlabelled type Il boxes in 7. Furthermore, from
Definition [4.2.22] AU B is the set of boxes of (A, B). Since AN B C (I" UII) N (ITUTI) C
I, we have AN B C I\ £L(A,B) C I\ (AAB), so by Definition [£.2.22] AN B is the
set of unlabelled type III boxes of 7w(A, B). Therefore, the set of labelled type I boxes
in 7 coincides with the set of labelled type I boxes of 7(A, B), and both are equal to
MN(AUB)\ (ANB) =11N(AAB). We need only show that 7 and 7(A, B) associate the
same labels to each of these boxes. More precisely, given w € Il N (AAB), we must show
that the label £, of w in 7 is equal to the label of w in 7(A, B).

Suppose w € I N (AAB), C is the connected component of £(A, B) containing w, and
Algorithm labels C' by i € {1,2,3}. Then the label of w in 7(A, B) is span{i, +
C-(1,1,1),}, and C contains a cell py € Cyl; UIl;. Since C is connected, there is a
sequence of adjacent cells pg, p1,...,p, := w, each of which is an element of C' C L(A, B).
Without loss of generality, assume that py is the only cell in the sequence in Cyl; U II;.
Since (A, B) is a labelled AB configuration, C' contains no cells in Cyl; U II;, for j # i,

sofor 0 < s <r ps € LAB)\(I"uUll) C M N(AAB). Since p; € Il N (AAB) is
adjacent to py € L(A, B) N (Cyl; UIl;), Lemma shows that the label of p; in 7 is
span{i,, +C-(1,1,1),,}. Then, if 1 < r, by Lemma [4.2.25 we find that the label of py in 7
is span{i,, + C-(1,1,1),,}, since p; € BN(p2) or po € BN(p;). By repeating this argument
finitely many times, we eventually see that the label of p, in 7 is span{i,, + C- (1,1,1),, },
i.e., £, =span{i, + C- (1,1,1),}.

Now consider the connected components of L(A, B) that Algorithm [4.2.13|labels by freely
chosen elements of P'. Since £L(A,B) CAUTUII C AU [0, M —1]*, L(A, B) is finite, so
there are finitely many such components, which we will denote C4, (s, ..., C). Consider one
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such component C,,. Since C,, does not contain any cells in Cyl; UTI; for any i € {1,2,3},
Cn CLA,B)\ (I"ull) CHIN(AAB). Suppose w and w’ are adjacent cells in C,,,. Then
w,w' € MIN(AAB) are labelled type III boxes in 7, and by Lemma[4.2.25] since w € BN (w’)
or w' € BN(w), the labels of w and w’ in 7 must match: if the label of w in 7 is ¢, =
(21, 29, 23)w, then the label of w’ in 7 must be span {211,/ + 292,/ + 233, + C- (1,1, 1) }.
By the connectedness of C,,, this implies that C,, consists of labelled type Il boxes in 7,
all of whose labels in 7 match. That is, there exists ¢, := (21, 22, z3) € P! such that, for
all w € Cy,, w is a labelled type IIl box in 7 and the label of w in 7 is £, = (21, 22, 23)w0-
Since Algorithm labels C,, by a freely chosen element of P!, the label of each w € C,,
in (A, B) is the same freely chosen element. So, it just remains to show that ¢,, can
be freely chosen for 1 < m < k, i.e., regardless of the values of ¢1,0s,..., {;, m satisfies
Conditions £.1.4

Suppose there is a choice L1, Lo, ..., L of the labels ¢, 05, ..., ¢, for which © does not
satisfy Conditions [4.1.4] i.e., for which the corresponding labelling 7’ of 7 is not a labelled
box configuration. Since 7 satisfies Conditions and Conditions [£.1.41 does not refer
to labels, 7’ also satisfies Conditions [£.1.4l1. Suppose 7’ does not satisfy Conditions [4.1.4]2.
Then there is a cell w € II; \ (AU B) and a cell n € BN(w) N (AU B) that is not a type
I box whose label in 7’ is span{i, + C - (1,1,1),,}. In particular, Algorithm assigns
w € I\ B C L(A, B) the label 7 in step 2. Furthermore, since 7 satisfies Conditions|4.1.4/2, it
must be the case that n is a type IIl box whose label in 7 is span{i, +C- (1,1, 1), }. However,
labels in 7 and 7’ may only differ for boxes in U§:1 C};, so from this it follows that n € C),
for some 1 < m < k. Then, since n and w are adjacent, w € C,,, which is a contradiction.
We conclude that 7’ satisfies Conditions [4.1.42, so ' does not satisfy Conditions [4.1.413.

Thus, there exists a cell w € III such that (i) the span S’ of subspaces of W
induced by boxes of 7’ in BN (w) is 1-dimensional, and w is neither a box whose label in 7’/
is S” nor an unlabelled box in 7', or (ii) S’ is 2-dimensional, and w is not an unlabelled box
in 7. In either case, BN(w)N (AU B) # @, so by Conditions w € AUB. As aresult,
w is a labelled box in 7’. Let the label of w in 7’ be . In case (i), ¢’ # S’. Since the set of
labelled type III boxes in 7 is equal to the set of labelled type Il boxes in 7/, w is a labelled
box in 7. Let the label of w in 7 be £ and let S be the span of subspaces of %—fj‘ii&”
induced by boxes of 7w in BN (w). Since BN (w) N (AU B) # @, S is nonzero. Then, since 7
satisfies Conditions .3, S is 1-dimensional and ¢ = S. So, in case (i), £ # ¢ or S # 5,
and in case (ii), S # S’. In all cases, for some 1 < m < k, ({w}UBN(w))NC,, # 2,
since labels in 7 and 7’ may only differ for boxes in U;?:l C;. Suppose w & C,,. Then there
exists n € BN(w) N C,,. Since w is a labelled box in m, w € M N (AAB) C L(A, B), so
because (), is a connected component of L(A, B) and w is adjacent to n € C,,, w € C,,. By
contradiction, w € C,,.

Then, if n is a box of 7’ in BN(w), i.e., n € BN(w) N (AU B), Lemma [£.2.9) implies that
n €l UL Suppose n € I". Thenn € I" N A C L(A, B), since B C IIUIII, so because C,,
is a connected component of £(A, B) and n is adjacent to w € Cy,, n € C,,, C I N (AAB),
a contradiction. It follows that n € 1", so n € IlI. Additionally, suppose n € AN B.
Then, by Conditions[4.2.2, w € AN B, contradicting the fact that w € C,,, C IIN(AAB), so
n € MIN(AAB) C L(A, B). Therefore, since C,, is a connected component of £(A, B) and n
is adjacent to w € C,,, n € Cy,. We deduce that, if L,, = (21, 29, 23), then ¢/ = (21, 22, 23) w0,
and all boxes n of 7’ in BN(w) are labelled span {z1, + 222, + 233, + C- (1,1,1),,}, so
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S" = /(. Then S’ is 1-dimensional, ruling out case (ii), and in case (i), we have ¢’ # S’ = /'.
By contradiction, 7 satisfies Conditions [4.1.4] regardless of the values of /1, (s, . .., ¢;. This
completes the proof that w(A, B) = 7. O

Lemma 4.2.29. Let 7 € PT-boz. For any (A, B), (A", B") € % (n), L(A,B) = L(A",B’).
Thus, the output of Algorithm is the same for all elements of </AB(m).

Proof. Suppose (A, B), (A’, B') € @A(w). Then AUB = A’U B’ is the set of boxes of m and
AN B = AN B is the set of unlabelled type Il boxes of w. Suppose w € I N A. Then,
since BB CINTUIIL, we AUB=AUB andw ¢ B',sowel NA. SoI"TnACIT nA,
and by the analogous argument, T N A" CI " NA, sol " NA=1 NA" Suppose w € Il \ B.
Then, since ACTT U, w g AUB=AUB ,sowell\B. Soll\ BCII\ B, and by
the analogous argument, I\ B’ CII\ B, so I \ B =1\ B". Finally,

mN(AAB)=TIN((AUB)\ (ANB))=TnN({(AUB)\(ANB))=In(AAB),

so L(A,B) = L(A", B'). Since Algorithm 4.2.13| only depends on the connected components
of the labelling set, we conclude that the output of Algorithm [4.2.13] is the same for all
elements of &%(m). O

Corollary 4.2.30. Given (A, B) € &%(r), m(A,B) = .

Proof. Let (A', B') = ABpase(m). By Definition [4.2.22) Conditions 4.2.3/1, and the lemma,
m(A, B) = n(A’, B"). Then, by Lemma [4.2.28 we have

W(A7 B) = W(Ala B/) - 7~pbause(f4/7 B/) - 2/}b‘clse (ABbase<7T)) - wbase (qbbase(ﬂ—)) =T,
as desired. 0

Corollary 4.2.31. The sets @/B(w), for 1 € PT-box, are disjoint.

Proof. Suppose m and my are labelled box configurations such that (A, B) € @8 (m) N
A (m3). Then, by Corollary [4.2.30, we have m = 7(A, B) = 7. O

Lemma 4.2.32. Let m € PT-box. If there are k connected components of freely labelled type
IIT bozes in , then Xp(m) = 2",

Proof. Let (A, B) = ABypase(m). By Corollary £.2.30, m = 7(A, B). Suppose there are k
connected components of freely labelled type Il boxes in w. Then there are k connected
components of freely labelled type III boxes in 7w(A, B). By Definition , the set of
freely labelled type IIl boxes in w(A, B) is IIN(C1UCU---UCk), where C,Cy, ..., Ck are
the connected components of L£(A, B) that Algorithm labels by freely chosen elements
of P!. For 1 < m < K, since Algorithm labels C,, by a freely chosen element of P!,
C,, must contain no cells in I UTI, so Cy,, € L(A,B) \ (I" Ull) C I N (AAB) C III. Thus,
MmN (CiUCU---UCk) = C1UCU- - -UC, so the connected components of freely labelled
type III boxes in 7(A, B) are the connected components of C; U Cy U --- U Ck, which are
precisely C1,Cs, ..., Cg. In particular, by Definition there are K = k independent,
freely chosen labels in 7w(A, B), one for each component Cy,Cy,...,Cx = Cj. In other
words, the moduli space of labellings of (A, B) is P' x P* x -+ - x ]P’i. The topological Euler

-~

k times
characteristic of this space is x(P')F = 2%, i.e., Xtop(T) = Xtop(7(4, B)) = 2%, O
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Lemma 4.2.33. Let 7 € PT-box and (A, B) = ABypuse(m). Also, let the connected compo-
nents of freely labelled type III boxes in w be denoted Cy,Cs, ..., Cl, and let

C(m) ={Cj, U-- UG, |1 <ji <+ < jm <k}
Then
dB(r) ={(A,B') € dBy| A =A\S,B =BUS for some S e€C(n)}.
Proof. Let
AB(m) = {(A",B") € B | A=A\ S,B'=BUS for some S € C(nm)}.

Suppose (A’ B') € AB(w). Then A’ = A\ S and B’ = BU S for some S € C(w). Note that
S is a set of labelled type Il boxes in 7, so S € A\ B. Then, to show that (A’, B") € @8(r),
we just observe that

AUB =(A\S)U(BUS)=AUB
is the set of boxes in m, and

ANB =(A\S)N(BUS)=ANB

is the set of unlabelled type III boxes in 7.

Conversely, suppose (A, B") € @B(m). To show that (A’, B") € AB(m), we must find a set
S € C(r) such that A’ = A\ S and B’ = BUS. By Lemma[t.2.24] & (7) = P~} (ABpas (7)),
so P(A',B") = (A, B), i.e., (A, B) is obtained from (A’, B’) by moving all multiplicity 1 type
I boxes into A’. In other words, A = AU S and B = B"\ S, where S = I N (B"\ A').
Then A’ = A\ S and B’ = BUS, so it just remains to show that S € C(r).

Givenw € 8, since (A', B') € @#B(w) and S C IIN(A'AB') C L(A',B"),w € L(A,B') is a
labelled type Il box in 7. We claim that w € C;UCyU- - -UCY%. For this, we must show that w
is freely labelled. Let ¢ denote the label of w in 7, and let C'(w) be the connected component
of L(A', B') containing w. By Lemma[1.2.29] L(A’, B') = L(ABpase(r)) = L(A, B), so C(w)
is the connected component of L(A, B) containing w, and the output of Algorithm
is the same for (A’, B’) and ABp.(m) = (A, B). By Lemma , T = T(ABpase(T)) =
(A, B). So, either Algorithm labels C'(w) by i € {1,2,3} and the label of w in 7
is ¢ = span{i, + C - (1,1,1),}, or Algorithm labels C'(w) by a freely chosen element
(21, 29, 23) of P! and the label of w in 7 is the same freely chosen element ¢ = (21, 2o, 23),, of
PL.

Suppose Algorithm labels C'(w) by i € {1,2,3}. Then there is a cell n € C(w) N
(Cyl; UIL;). Since C(w) is connected, there is a sequence of adjacent cells w := pg, p1, ..., pr ==
n, each of which is an element of C(w) C L(A, B). Without loss of generality, assume that n
is the only cell in the sequence in Cyl; UIl;. Then, since (A, B) is a labelled AB configura-
tion, C'(w) contains no cells in Cyl; UII;, for j # i, so for 0 < s <, p, € L(A, B)\(I"UIl) C
N (AAB). Since (A, B) = ABpase(m) € &% (7) and (A', B') € oB(r),

mN(AAB)=TIN((AUB)\ (AnB))=TN((AUB)\(AnB))=Mn(AAB),

sofor0 <s<r, p,elllN(AAB).

Suppose n € Cyl;. Thenn € I" NL(A,B) CT " NA,sone AUB = AU B'. However,
B CTUTI, sop. =n € A\ B. Sincew € S, w e B'\ A. Therefore, there exists
0 < s < r such that p, € B\ A" and ps.; € A"\ B'. Then p, € IIl is adjacent to

Pst1 € 17 UM, so p, € BN (ps41) or psr1 € BN (ps). In the first case, since p, € Il C Z2,,
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Psr1 € Z3, N (I_ U I[[) CIII C MUIMI. It is easy to see that these statements contradict
Conditions 4.2.2] in both cases.

Otherwise, n € ;. Then n € TN L(A,B) CII\ B, and since ACI" U, n g AUB =
A’ U B'. By Lemma , n & BN (p._1), but p,_; and n are adjacent, so we must have
pr—1 € BN (n). Then, by Conditions 4.2.2) we deduce that p,_; & B’, so p,_; € A"\ B'.
Since w € B"\ A', there exists 0 < s < r — 1 such that p;, € B'\ A" and ps;1 € A’\ B’. Then
ps € 1l is adjacent to psyq € I, so ps € BN (pst1) or psy1 € BN (ps). Again, it is easy to
see that these statements contradict Conditions [4£.2.2]in both cases.

In all cases, we arrived at a contradiction. We conclude that ¢ is freely chosen and, as
aresult, we C;UCyU---UCy. So, S C CrUCyU---UC,. Moreover, w is in exactly
one of the connected components C,, of freely labelled type Il boxes in m. We claim that
C, C S. Since C,, is connected and w € C,, NS, it suffices to show that if w’, w"” € C,, are
adjacent and w’ € S, then w” € S. Suppose w',w” € C, are adjacent and w’ € S. Then
w', w" are freely labelled type Il boxes in 7. Furthermore, since w’ € S, w’ € B\ A’. Since
w' and w” are adjacent, w’ € BN (w") or w” € BN (w'). Additionally, since w” € A" U B’
is labelled, w” ¢ A'N B', so w” € AAB’. However, by Conditions w' € BN (w”)
implies that w” € B, while w” € BN (w') implies that w” ¢ A’, so in either case, we must
have w” ¢ A"\ B'. It follows that w” € B'\ A, so w” € M N (B"\ A") = S, as desired.
Consequently, C,, C S, so

S=]JC,ec).

weS

This completes the proof. ([l

Corollary 4.2.34. Let N(m) be the number of connected components of freely labelled type
I bozes in w. Then | B (m)| = 2N = x,p(7).

Proof. Suppose S € C(r). Let (A', B") = (A\ S, BUS). We claim that (A", B') € &%.y. As
we observed in the proof of the lemma, S C Ill and S C A\ B. Since A is a finite subset of
[TUIM, sois A’. Since S C Il and B C U, B’ = BUS C TUTI. Also, TUTI C [0, M —1}3,
so I UII is finite and, thus, B’ is finite.

Next, suppose w € I7 UIIl and n € BN(w) N A’. Since A’ C A and (A, B) is an AB
configuration, w € A. Suppose w € S. Then w € C; C S for some 1 < j < k, and
w e MN(A\B) C N (AAB) C L(A,B). Then, by Conditions [£.2.2) n ¢ B. By
Lemma , n € I UII, and since n € A’ C A, we have

ne(TNA)UNA\B))C (I nAu(n(AAB))C L(A, B).

As shown in the proof of Lemma C4,Cy, ..., Cy are connected components of L(A, B).
So, since w and n are adjacent, n € C; C S, contradicting the fact that n € A"= A\ S. We
deduce that w & S, sow e A\ S = A"

Now, suppose w € U and n € BN(w) N B" = BN(w) N (BUJS). If n € B, then
w € B C B, since (A, B) is an AB configuration. Otherwise, n € S, son € C; C S for
some 1 < j <k andnellnNn(A\B) CIIN(AAB) C L(A,B). If we B, then w € B'.
Otherwise, w ¢ B. Then w € T \ B or w € 1II, in which case, by Conditions since
neSCA\B,welln(A\ B). That is,

we (I\ B)U(IN(A\ B)) C (II\ B)U (Il N (AAB)) C L(A, B).
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As discussed above, C1, (s, ..., C are connected components of £(A, B). So, since w and n
are adjacent, w € C; C S C B'. In all cases, w € B'.

These arguments show that (A’, B') is an AB configuration, or in other words, (A’, B') €
GAB.. Then, by the lemma, (A, B') € @B(w), so there is a well-defined surjective map
f:C(r) — oB(m) given by

£(5) = (A\ S, BUS).
We claim that f is also injective. Suppose that f(S;) = f(S2) for some S1, S € C(w). Then
BUS; = BUS;,, and as discussed above, S; C A\ B, S; C A\ B, so
51:<BU51>\B: (BUSQ)\B:SQ,

as desired. Thus, |C(m)| = |@(7)|. Since Cy,Cy, ..., Cy are disjoint, C'(7) is in bijection
with the power set of {1,2,...,k}, so

|2B(m)| = |O(m)| = 2 = 2% = yiop(m),
the last equality holding by Lemma [4.2.32] O
Definition 4.2.35. Let

Zuts = Zuala) = I3 A,
(A,B)e oA
Theorem 4.2.36.
ZJZZ_%’ = W(:ula Ha, Mg)

Proof. By Lemma [4.2.24] Corollary [£.2.3T) Conditions and Corollary [£.2.34] we have

Z gy = q =20 Z gAIHIBl = g2/l Z Z g AHIB

(A,B)ed?B me€PT-box (A,B)eaB(r)

_ g2 Z Z ¢ AVBIHANB]

m€PT-box (A,B)eoB(m)

—|II| 2|11 Z Z q\ﬂl

mePT-box (A,B)coB(r)

=g S |l

wePT-box

= q_|H|_2|IH| Z Xtop(ﬂ-)qh—l = W(/'Lla M2, :u3)

wePT-box

O

4.3. PT theory and the labelled double-dimer model. The advantage of working
with AB configurations is that they are unlabelled, plane partition-like objects. In addition,
there is a relationship between @8 and the tripartite double-dimer model, which we will
now explain. On an infinite graph, a double-dimer configuration is the union of two dimer
configurations.

Let (A, B) be an AB configuration. We consider A and B separately. Let Ry (resp. Rs)
denote the subset of Z3 consisting of the cells that have at least one negative coordinate
(resp. at least two negative coordinates). For A, we view the surface 2 := R, U (I UIT) \ A

as a lozenge tiling of the plane. In other words, we take the surface Ry UI™ UIII, remove the
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boxes in A, and view the resulting surface as a lozenge tiling. Similarly, for B, we view the
surface B := R, U (HUII) \ B as a lozenge tiling of the plane. The fact that these surfaces
can be viewed as lozenge tilings of the plane follows from Lemma [4.3.3] below. The resulting
lozenge tilings are then equivalent to dimer configurations of the infinite honeycomb graph

H.

FIAN S
PP A RN R
SPAPZANNAN ok
1 eSSNAN s
PSS T

F1cURE 9. Converting an AB configuration to lozenge tilings of the plane.
Left two pictures: tilings corresponding to R; and R,, respectively. Right two
pictures: an example of the surface (I"UII)\ A and the surface RoU(I7 UIID)\ A.

Example 4.3.1. Recall the AB configuration from Example The rightmost image
of Figure |§| shows the lozenge tiling corresponding to A = {(3,—1,0),(3,0,0)}, i.e., corre-
sponding to the surface Ry U (I" UI) \ {(3,—1,0),(3,0,0)}.

Let My (resp. Mp) denote the dimer configuration of H corresponding to the tiling ob-
tained from A (resp. B). Superimposing M4 and Mp so that the origin in Z? corresponds
to the same face of H produces a double-dimer configuration D4 5y on H.

N
Ty
N ghd R
¢¢§ Q 7 ﬂgﬂ “ \
QQQQ 7 ﬂgﬂ h N
= Q 7 ﬂgﬂ “ \
S TN
Sese ISR
N PSSR
N SISISISLRSISISID
\ .
R SRS
R SREREISESIIES

Ficure 10. First: The dimer configuration M. Second: The dimer con-
figuration Mp. Third: The superposition of M, and Mpg, a double-dimer
configuration on H. Fourth: The labelled double-dimer configuration.

Example 4.3.2. For the AB configuration from Example the dimer configurations
M, and Mpg are shown in Figure Their superposition, shown immediately to their right,
is a double-dimer configuration D4 p) on H.
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Just as we label certain AB configurations, we label certain double-dimer configurations.
Note that each double-dimer configuration on H consists of doubled edges, loops, and infinite
paths. Before describing a labelling algorithm for the double-dimer configurations D4 p),
we need the following lemmas.

Let e; be the ith standard unit vector.

Lemma 4.3.3. Let & € {A,B} and q € Z%,. If p &€ &, then p+q & &. Conversely, if
peEGS, thenp—qe€G6.

Proof. It suffices to establish this result for ¢ = e;. Suppose p+e; € &. Then p + e; €
(I"UII) \ A or p+e; has at least two negative coordinates if & = 2, and p+e; € (IUI)\ B
or p + e; has at least one negative coordinate if & = 8. We will show that p € &. In the
first case, if p has at least two negative coordinates, p € Ry C &. Otherwise, since p + e;
having at least two negative coordinates implies that p has at least two negative coordinates,
we deduce from Lemmas [4.2.6{ and [4.2.9| that p € I UTII, and by Conditions .1, p & A.
Thus, p € (I"UII) \ A, so p € &, as desired. In the second case, if p has at least one
negative coordinate, p € Ry C &. Otherwise, p € Z2,, and since p + e; having at least
one negative coordinate implies that p has at least one negative coordinate, we deduce from
Lemma [4.2.6] that p € IUTI. Then, by Conditions [4.2.2]2, p ¢ B, so p € (I UI) \ B, and
p € 6. These arguments establish the first statement of the lemma. The second statement
can be established from the first by replacing p with p — ¢ and taking the contrapositive of
the result. 0

Remark 4.3.4. In what follows, we often consider H(NV) as a subgraph of H. When doing
so and some face f of H corresponds to the origin in Z3, H(N) always denotes the N x N x N
honeycomb graph centered at f.

Lemma 4.3.5. Let (A, B) € @%B.. If a dimer in Dap) covers vertices in two different
sectorsﬂ then those vertices must lie in the subgraph H(M) C H.

Proof. Suppose a dimer e in D4 p) covers vertices in two different sectors. Either e € My
ore € Mp. If e € My, let © = 2, and otherwise, let & = B. Then e must correspond
to a facet f of a cell w € & having coordinates (a,a,a) + he; for some a € Z, h € Z>,
i € {1,2,3}, such that w4+ e; ¢ &. From this, we see that if w € Ry, then w + €; € Ry,
and if w € Ry, then w + e; € Ry, so considering the definitions of 2 and B, we must have
we (ITUM)\ Aorwe (MUII) \ B. In particular, w € I" U UII, so @ > 0. Then
w € MUTI, and HUTI is contained in the cube [0, M]?. Projecting this cube onto the plane
1+ x9 +x3 = 0 produces an M x M x M hexagonal region that must contain f, so e must
be an edge of H(M). The result follows. O

Corollary 4.3.6. Let (A, B) € @%B.. Every path in D4 ) moves between sectors finitely
many times.

Definition 4.3.7. Given an end £ of a path in D4 p), we say that sector i contains & if,
when moving along the path toward &, there is a point after which every dimer in the path
is contained in sector 1.

2When we refer to “sectors” in this section, we mean the sectors defined in the right-hand side of Figure
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Remark 4.3.8. Corollary implies that each end & of every path in D4 gy is contained
in sector ¢ for some 1.

We also recall some facts about height functions.

Definition 4.3.9. Given any dimer cover My of H and a face f, of H, we can associate to
My a height function hyy,, called the absolute height function of M), that assigns to each
face of H a real number as follows. Let hp,(fo) = 0. Then, for any other face f of H,
take a path fo, f1, f2,..., fr = f in the dual graph HY of H from fy to f, and let hy, (f)
be the sum of the following contributions from each of the corresponding edges ey, es, ..., €,
of H: assuming the left vertex of e, is white (resp. black), if e, € My, its contribution is
2/3 (resp. —2/3), and otherwise, its contribution is —1/3 (resp. 1/3). (Here, left and right
should be interpreted from the perspective of one traversing the path from f to f.)

The fact that hyy, is well-defined follows from the observation that such contributions sum
to 0 around any face of HY.

Given two dimer covers M; and M, of H, we call the difference hy;, — hyz, the relative
height function of M; relative to Ms. Actually, when considering the lozenge tiling that

corresponds to My as a surface, hy, gives the height above the plane z; 4+ x5 + 23 = 0,
divided by v/3, up to a constant. Thus, has, — hyg, gives the height difference, divided by
V/3, up to a constant, between the surfaces corresponding to M; and M.

Given an AB configuration (A, B), let hy = hy, and hg = hy,. In what follows, we
consider the relative height function h(4 gy := hp —h4, where both absolute height functions
are based on the face fy corresponding to the cell (0,0, M). Note that TUTI C [0, M — 1]3,
so 20 and ‘B have the same height above the plane x; + z + 23 = 0 at fo. Therefore, h(4 p)
is precisely the height difference, divided by v/3, between 2 and 9B. This difference remains
constant, except upon crossing an edge e € M A Mpg, when it must increase or decrease by
2/3 - (-1/3) =1/3 - (-2/3) = 1. In other words, the loops and paths in D4 p) are the
contour lines for h4 p). Moreover, orienting the edges in Mp from white to black and those
in M, from black to white produces orientations on the loops and paths so that crossing a
loop or path oriented from left to right causes h(4 p) to increase by 1, while crossing a loop
or path oriented from right to left causes h4 p) to decrease by 1.

Lemma 4.3.10. Ifp € L(A, B), and p corresponds to f € F, thenp € AADB and hia p)(f) #
0.

Proof. Suppose p € L(A, B), and p corresponds to f € F. If p € I"NA, then p ¢ (I"UIII)\ A
and p does not have at least two negative coordinates (it has exactly one negative coordinate),
so p & . Since p has at least one negative coordinate, p € B. It follows that h4 )(f) > 0.
If pe I\ B, then p ¢ (I" UML) \ A and p € Z%, does not have at least two negative
coordinates, so p ¢ 2. Since p € (TUT) \ B, p € B. It follows that hap)(f) > 0.
Otherwise, p € N (AAB). If pe N (A\ B), then p ¢ (I" UI) \ A and p € Z2, does not
have at least two negative coordinates, so p & 2. Additionally, p € (I UII) \ B, so p € B,
implying that k4 p)(f) > 0. Finally, if p € IIN(B\ A), then p € (I" UIII) \ A, so p € A. On
the other hand, p & (ITUTI) \ B and p € Z2,, does not have at least one negative coordinate,
so p & B, and we find that hap)(f) < 0. This completes the proof. O

Let I be the set of faces of H, and let U4 p) = h(_A{B)(O) C F. Consider the subgraph

H(VA,B) of HY induced by F'\ Uapy. Then, given f € F such that hap)(f) # 0, denote by
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Ca,p)(f) the connected component of H(VAB) containing f. Also, we say that a face f € F is
contained in sector ¢ if the vertices of H incident to f are all in sector . Finally, we say that
a connected component of H (VA7 p) I8 almost contained in sector 7 if it contains only finitely
many faces that are not contained in sector ¢. Note that any infinite connected component
of H (VA’ ) 18 almost contained in at most one sector.

We can now describe the labelling algorithm for the double-dimer configurations D4 p).
Fix an AB configuration (A, B).

Algorithm 4.3.11. (1) If there is a connected component C' of H, ) so that, given
any ¢, C' is not almost contained in sector 7, terminate with failure.
(2) For each infinite connected component of H/, py, there must be exactly one sector i
almost containing it. Label the faces it contains by 1.
(3) Label each finite connected component of H, (v A,p) by asingle freely chosen element of
PL.
Example 4.3.12. If we label the double-dimer configuration from Figure [I0] we obtain
the labelled double-dimer configuration shown in Figure [I0] Observe that the paths in the
double-dimer configuration from Figure [10] are “rainbow-like.” In other words, the paths are
nested and start and end in the same sector.

We will first prove that this algorithm is, in some sense, equivalent to Algorithm [4.2.13]
and then we will describe the connection between this algorithm and the double-dimer con-
figuration D4 p).

4.4. Proofs of the equivalence of the labelling algorithms.

Lemma 4.4.1. Suppose f and f' are faces that belong to the same connected component of
H(VA’B). Then there is a sequence of adjacent faces in F'\ Ua p), beginning at f and ending
at f', such that no pair of consecutive faces are separated by an edge in My N Mp.

Proof. Since f and f’ belong to the same connected component of H (V AB)> there is a sequence
of adjacent faces f := fo, f1,..., fr := f in F'\ Uap). Suppose the edge separating f; and
fsi1isin MaNMpg. Then, since M4 and Mp are dimer configurations, the two faces adjacent
to both f, and f,,; are separated from f, and f,.1 by edges that are not in M, U Mp.
Therefore, for either such face g, we have ha py(fs) = ha,B)(9) = h(a,p)(fs+1), and we may

insert ¢g into the sequence fy, f1,..., fr between f, and f,,; to produce a new sequence of
adjacent faces in F'\ Ua ). We may continue in this way until we obtain a sequence with
the desired properties. 0

Lemma 4.4.2. Suppose fo, f1,..., fr is a sequence of adjacent faces in F'\ Ua, gy such that
no pair of consecutive faces are separated by an edge in Ma N Mp. Suppose pg € UANDB is a
cell that corresponds to fy. Then there exist integers ks and cells psiq for 0 < s < r so that
for any i, j, k such that {i,j,k} = {1,2,3}, the following is a sequence of adjacent cells in
ANB, such that ps corresponds to fs for 0 < s <r:

Po; Po + sgn(ko)e;, po + sgn(ko)(e; + e;), po + sgn(ko)(e; + e; + ex),

po +sgn(ko)(2e; +e; +ey), ..., po + (koe; + koe; + koer),
p1,p1 +sgn(ki)e;, pr + sgn(ki)(e; +e;), pr +sgn(ki)(e; +e; +ex), ..., pr

Here, sgn(ks) =1 if ks > 0, sgn(ks) =0 if ks = 0, and sgn(ks) = —1 if ks < 0.
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Proof. Assume that we have specified the desired sequence up to ps for some 0 < s < 7.
Each pair of consecutive faces f, fo11 determines a direction in Z3. More precisely, there
exist unique ¢ € {£1} and ¢ € {1,2,3} such that p, + ce; corresponds to fs;1. Since
hiap)(fs+1) # 0, there exists an integer k; such that p, + ce; + (ks ks, ks) € AADB. If
e = —1, assume that k, is the least such integer, and if ¢ = 1, assume that k; is the greatest
such integer. Define pgi1 1= ps + c€; + (ks, ks, ks).

We claim that ps + (ks, ks, ks) € AAB. Suppose not. Of A and B, let £ be the one such
that ps + ce; + (ks, ks, ks) ¢ £ and let 4 be the other (i.e., the one such that ps + ce; +
(ks, ks, ks) € W). Let My and My, respectively, be the corresponding dimer configurations.
By Lemma [£.3.3] if ¢ = —1, then p, + (ks, ks, ks) & £, 0 ps + (ks, ks, ks) € 4, and if e = 1,
then p, + (ks, ks, ks) € LU, 80 ps+ (ks, ks, ks) € £. In the first case, U separates ps + (ks, ks, ks)
from ps + ce; + (ks, ks, ks), and in the second case, £ separates those two cells. In the
first case, the edge e separating f; and f,1; must be in My, and in the second case, e
must be in M. The sequence fy, fi1,..., f is such that e & M, N Mg = M, N My, so in
either case, e € M AMy = MyAMp. As a result, hiy p) differs by £1 at f, and fq. If
e = —1, Y must lie at ps +ce; + (ks + 1, ks + 1, ks + 1), while kg is the least integer such that
psteei+(ks, ks, k) € LAY, so £ lies at py+-ce;+(ks, ks, k). It follows that hea gy (fsr1) = £1.
Similarly, if ¢ = 1, £ must lie at ps + ce; + (ks, ks, ks), while k, is the greatest integer
such that ps + ce; + (ks, ks, ks) € LA so U lies at ps + ce; + (ks + 1, ks + 1, ks + 1).
So, in this case, too, ha p)(fsr1) = £1. Then hap)(fs) = hap (fsy1) £ 1 = £2, since
heap) (fs) # 0. Additionally, this shows that h(4 ) has the same sign at f; and foy1, so £
lies below i at fs. Consequently, if ¢ = —1, 4 must lie at ps + (ks, ks, ks) and £ must lie at
ps+(ks—2,ks—2,ks—2). On the other hand, if ¢ = 1, £ must lie at p;+ (ks + 1, ks + 1, ks+1)
and 4 must lie at ps + (ks + 3, ks + 3, ks + 3). Then, by Lemma , in the first case,

pstee;+ (ks — ks — L ks —1) =ps+ (ks — 2,ks — 2, ks — 2) +ce; + (1,1,1) & £,
contradicting the fact that £ lies at p, + ce; + (ks, ks, ks). In the second case,

ps+ee;+ (ke + 1 kg + 1, kg +1) = pg + (ks + 2, kg + 2, ks +2) +ee; — (1,1,1) € 4,
contradicting the fact that i lies at ps + ce; + (ks + 1,ks + 1,ks + 1). By contradic-
tion, ps + (ks, ks, ks) € AAB. Since ps € AADB, by Lemma 4.3.3] we conclude that

ps + sgn(ks)(my,mo,m3) € AADB for any mq,mg, ms such that 0 < my, mg,mg < |ksl.
This completes the proof. O

Lemma 4.4.3. Suppose a cell w corresponds to fy € F. Ifw € (Cyl, NA)U(Il;\ B) for some
integer £, or Algorithm |{.2.15 m labels w by an integer {, then Ca p)(fo) contains infinitely
many faces contained in sector £. If Algorithm[{.2.13 labels w by ¢, and ¢ is not an integer,

then Ca,p)(fo) is finite.

Proof. We consider first case (i): w € (Cyl, N A) U (Il \ B) for some integer ¢, or Algo-
rithm labels w by an integer ¢, and then case (ii): Algorithm 4.2.13|1abels w by ¢, and

¢ is not an integer.

Case (i): Observe that w must be an element of a connected component C' of L(A, B) con-
taining a cell n € Cyl, Ull;. Then there is a sequence of adjacent cells w := po, p1,...,pr ==,
each of which is an element of C' C L£(A, B). Furthermore, p, =n € L(A,B)N(I" Ull) C
(I"NA)U(II\ B). By Lemma assuming the cells p1, pa, . . ., p. correspond to the faces
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fi, fa, ..., fr of H, we can deduce that he py(fs) # 0 for 0 < s < r. Since p, is adjacent to
Pst1, fs s adjacent to foq in HY for 0 < s < r. Moreover, since h(a,p)(fs) # 0 for 0 < s <7,
Cap (fo) = Ca)(fr)-

Now, if p, € I" N A, let p be any cell obtained by translating p, by k£ > 0 units in the x;-
directions, for each i # ¢. Let f(k) be the corresponding face of H. Note that p, € Cyl,, so
the /th coordinate of p is negative, and the other coordinates of p are nonnegative. Suppose
hiap)(f(k)) = 0. Considering the definitions of 2 and B, this implies that either f(k) lies
along one of the nonnegative coordinate axes, f(k) corresponds to a cell p’ € I" \ A whose
single negative coordinate has the value —1, or f(k) corresponds to a cell p’ € Tl \ A. Since
the /th coordinate of p is negative, while the other coordinates of p are nonnegative, f(k)
cannot lie along any of the nonnegative coordinate axes, so one of the latter cases must
hold. Then, in either case, every cell above p’ is in Z32, so we conclude that p = p’ or p
is below p’. Thus, the only coordinate of p’ that may be negative is the ¢th coordinate, so
if p" € I, then p’ € Cyl,. Additionally, if p € Cyl,, then p’ ¢ Cyl,. However, in this
case, p’ ¢ I UIIl, which is a contradiction, so we must have p’ € Cyl, and p € Cyl,. By
Lemmas and , there is a sequence of back neighbors in I™ U IIl leading from p’ to
p to p,. By repeatedly applying Conditions [4.2.2]1, since p, € A, it follows that p’ € A. By
contradiction, ha,p)(f(k)) # 0. Finally, observe that f(k) is also the face corresponding to
the cell obtained by translating p, by —k units in the x,-direction. Therefore, since £ > 0
was arbitrary, hc4 py must be nonzero at any face f(k) obtained from f, by translating in
the negative z,-direction. This shows that Ca p)(fo) = C(a,p)(f;) contains infinitely many
faces contained in sector ¢, since for large enough k, f(k) is contained in sector ¢.

On the other hand, if p, € Il \ B, let p be any cell obtained by translating p, by k < 0
units in the z,-direction. Let f(k) be the corresponding face of H. Note that p, € 1I;, so
pr & Cyl, and p ¢ Cyl,. By Lemma , though, if p € Z;O, then p € II;. In fact, in
this case, there is a sequence of back neighbors in II; leading from p, to p, so by repeatedly
applying Conditions [4.2.2]2, we find that p ¢ B. Thenp € I\ BC R, U (DIUII)\ B =B
and p € Ry, U (I UID) \ A = A, so ha,p)(f(k)) > 0. Otherwise, the ¢th coordinate of p is
negative, while the other coordinates of p are nonnegative. Since p & Cyl,, p € 2. Further-
more, p € Ry, so p € B. Thus, in this case, too, ha,p) (f(k)) > 0. Consequently, since k < 0
was arbitrary, hea py must be nonzero at any face f(k) obtained from f, by translating in
the negative x,-direction. Again, this shows that Ca p)(fo) = Cra,p)(fr) contains infinitely
many faces contained in sector /.

Case (ii): Let w := py. Since ¢ is not an integer, w must be labelled in step 3 of Algo-
rithm , sow e lllN(AAB). If we N A\ B, then w ¢ A, while w € B. Otherwise,
we N B\ A, in which case, w € B, while w € . In either case, hia ) (fo) # 0.

So, consider C4,5)(fo). Suppose this connected component is infinite. Then, since £(A, B)
is finite, there must be a face f € C(4,p)(fo) that doesn’t correspond to any cell in £(A4, B).
By Lemma , there is a sequence fo, f1,..., [, := f of adjacent faces in I\ U4 py such
that no pair of consecutive faces are separated by an edge in M4 N Mpg. The height function
h(a,p) can only differ by 0 or &1 at adjacent faces, and h(4,p) is nonzero at each face in the
sequence fo, f1,..., fr, S0 h(4,p) has the same sign at all of these faces.

By Lemma [4.4.2] there is a sequence of adjacent cells

Do, Po + Sgn(k[))(la 07 O)apO + Sgn(kO)(la 17 0)7p0 + Sgn<k0)(1a 17 1)7
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Po + Sgn(k0>(27 17 1)7 -5 Po + <k07 kOy k0)7p17p1 + Sgn<k1)<17 07 O)? <y Pry

all of which are in AAB, such that ps corresponds to fs for 0 < s < r. Recall that
fr = f does not correspond to any cell in L(A, B), so p, € L(A, B). However, py = w €
N (AAB) C L(A, B). So, consider the first cell p’ in the above sequence that is not an
element of the labelling set, and let p be the previous cell in the sequence. We claim that
p € I" UIL. Suppose not. Then p € L(A,B) \ (I" Ull) = I N (AAB). Furthermore, p is
adjacent to p/, so p € BN(p') or p' € BN(p). If p € BN(p'), then since p € Ill, we have
p' € Cyl; UCyl, UCyls, and since p € Il C Z3,,, p' € Z2,,, implying that p’ € T U U I
But elements of I™ are not in I~ U II U III, nor do they have any negative coordinates, so
such elements are not in 2l U B. Since p’ € AADB, it must be the case that p’ € MU II. If
p' € BN(p), then by Lemmam, p € I" UIIL. So, in either case, p’ € I" UNUIIL. If p’' € 17,
then p' € B, so p’ € 2, in which case, p’ € A. But this means that p’ € I" N A C L(A, B).
So, p & I". Similarly, if p’ € II, then p’ &€ A, so p’ € B, in which case, p’ € B. This
means that p’ € I\ B C L(A,B), so p/ ¢ 1. Thus, p’ € T. If p/ ¢ A and p' € B,
then p/ e MINA\ B C I N(AAB) C L(A, B). Otherwise, if p’ ¢ B and p’ € 2, then
pellInB\ACIIN(AAB) C L(A, B). By contradiction, p € I UIL. Let g be the first cell
preceding p’ in the above sequence that is in I~ UII. Since p’ is the first cell in the sequence
that’s not in L(A,B), ¢ € L(A,B),so ¢ € (I" N A)u (I \ B). Therefore, g is labelled
by an integer £(q) in step 2 of Algorithm All of the cells w = py == qo,q1, ..., ¢
preceding ¢ in the above sequence (written here in the same order as written in the above
sequence) also precede p’, so they are elements of the labelling set and not in I~ UTI, i.e.,
they are all elements of I N (AAB). Since qo, ¢1, - - -, G, q is a sequence of adjacent cells, we
see that {qo,q1,---,q,q} is contained in a single connected component of L(A, B), which is
labelled in step 2 of Algorithm by ¢(q). In particular, w = qq is labelled in step 2 of
Algorithm by an integer ¢(q), contradicting the fact that ¢ is not an integer. As a
result, C(4,p)(fo) is finite. d

Lemma 4.4.4. If f € F \ Ua,p) lies along one of the nonnegative coordinate azes, then f
corresponds to a cell p € L(A, B) and all cells corresponding to f that are in AAB must be
in L(A, B).

Proof. Since f € F'\ U, p), there exists a cell p € AADB corresponding to f. The result will
follow if we can show that any cell ¢ € AADB corresponding to f is in L(A, B). Since f lies
along one of the nonnegative coordinate axes, ¢ = kie; + (kq, ko, ko) for some i € {1,2,3},
k1 € Z>p, and ko € Z. 1f ky < 0, then ¢ has at least two negative coordinates, so ¢ € AN ‘B,
which is a contradiction. Thus, ky > 0, so ¢ € Z32,,, and since ¢ is an element of exactly one of
20 and B, we conclude that ¢ € ((I"UIT)\ A)A((HUID)\ B). If ¢ € ((I7UII)\ A)\ ((HUII)\ B),
then ¢ &€ 1", since ¢ € Z3,, so we have ¢ € I N B\ A C L(A,B). Otherwise, ¢ €
(um)\ B)\ (IT"um) \ A),soqe (II\ B)u(IlNA\ B) C L(A, B). O

Lemma 4.4.5. If a cellp € L(A, B) is adjacent to a cell p’ & L(A, B), and p’' € ANDB, then
P EZiy U UV andp € (I" NA)U I\ B).

Proof. Suppose p' € Z3,. Then, by the argument given in the proof of Lemma [4.4.4] p' €
L(A, B). So, by contradiction, p’ has at least one negative coordinate, which means that

p € B. Then we must have p’ & 2, so the other coordinates of p’ must be nonnegative.
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Furthermore, suppose p’ € I7. Then, since p' & L(A,B), p' & A, so p/ € (I" UI) \ A,
contradicting the fact that p’ ¢ . By contradiction, p’ € I”. Since p/ € Z3,,, p’ ¢ M UTIL.
Either p € BN(p/) or p € BN(p). If p € BN(p/), then since p & Z3,,, p has a negative
coordinate, so p € I N A. Otherwise, p' € BN(p), so by Lemma , p ¢ I, since
p ¢ 17 UM Thenpe (I"NA)U(IL\ B). In either case, pe (I"NA)U I\ B). O

Lemma 4.4.6. Given any i € {1,2,3}, there exists N € Z>o such that each face contained
in sector i that isn’t a face of the subgraph H(N) C H is in F'\ Ua,p).

Proof. As noted in the proof of Lemma 4.4.3 if f € U4 py, then either f lies along one of
the nonnegative coordinate axes, f corresponds to a cell p € I~ \ A whose single negative
coordinate has the value —1, or f corresponds to a cell p € TII'\ A. Since the set of cells in I~
whose single negative coordinate has the value —1 is finite, and Il is finite, the corresponding
faces form a finite set. In other words, U4 p) is contained in the union of faces lying along
one of the nonnegative coordinate axes with finitely many other faces. In particular, since
faces lying along one of the nonnegative coordinate axes are not contained in any of the
sectors, finitely many faces in U4 gy are contained in sector ¢. This implies the result. [

Lemma 4.4.7. Suppose C' is a connected component of H(VA p) that contains infinitely many

faces contained in sector i. If p € L(A, B) corresponds to f € C, then there exists p' €
(Cyl; N A)U (I \ B) corresponding to f' € C.

Proof. Suppose p € L(A, B) corresponds to f € C. By Lemma [£.4.6] there exists Ny € Zx
such that each face contained in sector ¢ that isn’t a face of the subgraph H(N;) C H is in
F \ U (A,B)-

Consider a face g contained in sector ¢ such that the face ¢’ obtained from g by translating
1 unit in the negative x;-direction is separated from g by an edge e € M,. Since g is
contained in sector i, if ¢ is a cell corresponding to ¢, then its ¢th coordinate ¢; is strictly
less than each of its other coordinates. Since ¢’ is obtained from ¢ by translating 1 unit in
the negative x;-direction, when crossing e € M4 from g to ¢, the left vertex of e is white, so
ha increases by 2/3. That is, if ¢ is the cell corresponding to g such that 2 lies at ¢, then
2 lies at the cell ¢ — e; + (1, 1,1), which corresponds to ¢’. So, ¢ ¢ (I" UIII) \ A and ¢ has
fewer than two negative coordinates, but ¢ —e; € A, so g —e; € (I" UII) \ A or ¢ — e; has
at least two negative coordinates. However, the ith coordinate of ¢ is less than each of its
other coordinates, so if ¢ — e; has at least two negative coordinates, then so does ¢, which is
a contradiction. Consequently, ¢ —e; € (I” UII) \ A. Then, since the ith coordinate of ¢ is
its least coordinate, the same is true of ¢ — e;, so ¢ — e; € Cyl,. This means that ¢ € Cyl,.
Additionally, if ¢ has one negative coordinate, it must be ¢;, in which case ¢ € Cyl; C 17,
implying that ¢ € A. Otherwise, each of the coordinates of ¢ is nonnegative and less than
M, since q € Cyl,. Therefore, since A is finite, there are finitely many possibilities for ¢, so
there are finitely many possibilities for g. So, there exists Ny € Z>o such that each face g
contained in sector ¢ that isn’t a face of the subgraph H(N;) C H is separated by an edge
e & M, from the face ¢’ obtained from ¢ by translating 1 unit in the negative z;-direction.

Let N = max{Nj, No}. Since C contains infinitely many faces contained in sector ¢, it
must contain a face fy contained in sector ¢ that isn’t a face of H(N). Consider the sequence
of faces fo, fi1, fo, ..., where f,,; is obtained from f; by translating 1 unit in the negative ;-
direction. Since fy is contained in sector 7 and not a face of H(N), so is fs, for 0 < s. Then,

from the above discussions, we know that f; € F'\ U p) and f; is separated by an edge
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e & My from foyq for 0 < s. In addition, by Lemma [£.4.T] there is a sequence of adjacent
faces f := fg, fi, ..., fl == foin F\Ua,p) such that no pair of consecutive faces are separated
by an edge in M4 N Mp. So, we have a sequence of adjacent faces fi, f1,..., fl, f1, f2, ... in
F\ Ua,p) such that no pair of consecutive faces are separated by an edge in M4 N Mp.

Since f, is contained in sector i for 0 < s, either (i): every face in the sequence
fos fis s £l fa, fa, ... is contained in sector ¢ or (ii): there exists 0 < ¢ < r such that f]
is not contained in sector ¢ and f! is contained in sector ¢ for all t < s < r. In case (i),
let t = 0, and let py = p. In case (ii), since f/ is adjacent to f/,,, which is contained in
sector 4, f; must lie along one of the nonnegative coordinate axes. Since f; € F'\ U p), by
Lemma [4.4.4] there is a cell p, € L(A, B) corresponding to f;.

In both case (i) and case (ii), p, € L(A, B) corresponds to f/. Also, since L(A, B) C
AU UI is finite and the faces f1, fo,... are all distinct, there must be a face in the
sequence f§, fi,..., fl, fi, fa, ... that does not correspond to any cell in £(A, B) and that
is preceded by f/. Let g” be the first such face in the sequence and let ¢’ be the previous
face. Either ¢’ corresponds to a cell ¢ € L(A, B) or ¢’ is not preceded by f;, in which case,
g = f] corresponds to ¢’ := p, € L(A, B). Then, by Lemmas 4.3.10[ and [4.4.2] there exist an
integer k' and a cell ¢” so that for any j, k such that {j,k} = {1,2,3} \ {i}, the following
are sequences of adjacent cells in AADB, such that ¢” corresponds to ¢”:

¢ q +sgn(kei, ¢ +sgn(k')(e; +e;), ¢ +sgu(k’)(e; + e; + ey),
¢+ sen(K) (20 + o + o). + (Ko, + Ko, + ey,

q,q +sgn(k' ey, ¢ +sgn(k)(er + e;),q" +sgn(k')(er + €, + &),
¢ +sgu(k')(2er+e;+e),....,¢ + (Ker +Ke; +Ke),q".

If ¥ < 0, we will consider the first sequence, and if £’ > 0, we will consider the second
sequence. Since g” does not correspond to any cell in L(A, B), ¢" & L(A, B). On the other
hand, ¢ € L(A, B), so let p” be the first cell in the sequence that is not in £(A, B) and let
p’ be the previous cell. Then p’ € L(A, B). Let f’ be the face corresponding to p" and let f”
be the face corresponding to p”. We must show that p’ € (Cyl;, N A)U (II; \ B) and f’ € C.

Since p” € (AAB) \ L(A, B), we have f” € F\ Uap) and by Lemma £.4.4] f” does
not lie along one of the nonnegative coordinate axes. However, ¢’ is adjacent to ¢”, which
is preceded by f/ in the sequence f{, fi,..., fl, f1, fa,... and, thus, is contained in sector
1. As a result, ¢’ is contained in sector ¢ or ¢’ lies along one of the nonnegative coordinate
axes. More precisely, ¢’ corresponds to a cell whose ith coordinate is zero and whose other
coordinates are nonnegative, or to put it another way, the ith coordinate of ¢’ is less than
or equal to its other coordinates. If £’ < 0, let g; be the face corresponding to ¢’ + sgn(k’)e;
and let go be the face corresponding to ¢’ + sgn(k')(e; +e;). If k' > 0, let g; be the face
corresponding to ¢’ + sgn(k’)ey and let g, be the face corresponding to ¢’ + sgn(k’)(e, + €;).
Note that every cell in the sequence corresponds to one of the faces ¢’, g1, go, or g”’. We
claim that g, is contained in sector ¢ or g; lies along one of the nonnegative coordinate axes,
and the same holds for go. If & < 0, then g; corresponds to ¢’ — e; and go corresponds to
¢’ — e; — e;. Since the ith coordinate of ¢’ is less than or equal to its other coordinates, the
same is true of ¢’ —e; and ¢’ — e; — e;, so the claim holds for both ¢g; and g,. Otherwise, if
k' > 0, then g; corresponds to ¢’ or ¢’ + ey, while go corresponds to ¢’ or ¢’ +e; + €;. Again,
since the ith coordinate of ¢’ is less than or equal to its other coordinates, the same is true
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of ¢ + e, and ¢’ + e, + e, so the claim holds for both g; and g,. In fact, we saw above that
the claim also holds for both ¢’ and ¢”, and since every cell in the sequence, including p”,
corresponds to one of the faces ¢’, g1, g2, or ¢”, the claim holds for f”. Since f” does not lie
along one of the nonnegative coordinate axes, we conclude that f” is contained in sector i.
It follows that the ith coordinate p! of p” is strictly less than its other coordinates.

Recall that p’ € L£(A, B) is adjacent to p” & L(A, B), but p” € AAB. By Lemma [1.4.5]
p' ¢ 73, Ul UTUI and p' € (I" N A)U (IT'\ B). Since the ith coordinate of p” is less
than its other coordinates, p; < 0. This implies that p” ¢ Cyl,. If p’ € I N A, suppose the
ith coordinate p} of p’ is nonnegative. Then, since the ith coordinate of p” is negative, while
the others are nonnegative, we must have p’ = p” 4+ e;. Therefore, the other coordinates of
p are the same as those of p”, so they are also nonnegative and p’ € Z3,. By contradiction,
P < 0,50 p € Cyl; N A. On the other hand, if p’ € T\ B, then p' € Z3,, so p’ = p" + e;.
Suppose p' € Cyl,. Then p” = p' —e; € Cyl,, so p” € Cyl; C 1. By contradiction, p’ € Cyl,,
so p’ € II; \ B. Consequently, p’ € (Cyl; N A)U (II; \ B).

It remains to show that f’ € C. Since f’ corresponds to p’, f’ is equal to ¢, g1, go, Or
g", so it suffices to show that ¢, g1, g2, ¢” € C. Since ¢’ and ¢” are faces in the sequence
fo 1,5 f7, fi, f2, ..., which is a sequence of adjacent faces in F'\ U4 py, we have ¢, ¢" €
CaB)(fy) = Cap(f) = C. To see that g1, g, € C, observe that g; and g, are adjacent to
g’ or equal to ¢’, and according to their definitions, they correspond to cells in AADB. So
91,92 € F\ Ua,p), and we have g1, g2 € C(a,p)(g') = C. This completes the proof. O

Lemma 4.4.8. If p and p’ are cells in ANDB, corresponding to faces f and f', respectively,
which belong to the same connected component of H(VA’B), then there is a sequence of adjacent
cells in ANDB, beginning at p and ending at p'.

Proof. By Lemmas [4.4.1) and [4.4.2] there is a sequence of adjacent cells in AAB, beginning
at p and ending at a cell p” that corresponds to f’. Since p’ and p” both correspond to f’,
p'=p + (K, K K) for some k' € Z. By Lemma P+ sgn(k’)(mq, ma, m3) € AAB for
any mjy, ms, mg such that 0 < my, mg, ms < |k|. That is,
p' =1 + (KK K),p +sgn(k)(|K] — L, |K], [K]),
p +sen(K)(|K| =1, |K|—1,|K]),...,p

is a sequence of adjacent cells in AAB. Therefore, by concatenating the aforementioned
sequences, we get a sequence of adjacent cells in AAB, beginning at p and ending at p’. O

Lemma 4.4.9. Suppose C' is a connected component of H(VA’B) so that, given any i, C' is not
almost contained in sector i. Then there exist distinct i and j such that C' contains infinitely
many faces contained in sector i and C contains infinitely many faces contained in sector j.

Proof. By assumption, given any 7, C' contains infinitely many faces that are not contained in
sector i. Observe that, for N > M, the cell Ne; € Z2, cannot be in Cyl;, for each j # i. Thus
Ne; has no negative coordinates, Ne; ¢ (I"UIII)\ A, and Ne; ¢ (IIUIIL)\ B, so Ne; ¢ AUB.
Moreover, Ne; — (1,1, 1) has at least two negative coordinates, so Ne; — (1,1,1) € AN B,
which shows that 2l and B both lie at Ne;. So, if f;(N) € F is the face corresponding to
Ne;, then ha p)(f;(IN)) = 0. Since this holds for all i and all N > M, there are finitely many
faces in F'\ Ua p) that lie along one of the nonnegative coordinate axes. Since C C F\ U p)

and since any face either lies along one of the nonnegative coordinate axes or is contained
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in one of the sectors, we deduce that, for some distinct ¢ and j, C contains infinitely many
faces contained in sector ¢ and C' contains infinitely many faces contained in sector j. U

Theorem 4.4.10. Algorithm |4.3.11| succeeds if and only if (A, B) € /A.

Proof. Suppose (A, B) ¢ </%. By Theorem and Remark there is a connected
component C' of L(A, B) such that N(C) > 1. So, there exist w,w’ € C' N (I UI) such
that {(w) # {(w'). Then w € Cyl,,, Uiy and w’ € Cyly,,y Uz, and since w,w’ €
CNITull) € L(A, B)N(I"ull) = (I"NA)U(II\ B), we have w € (Cyly,,, NA)U gy \ B)
and w’ € (Cyly,n N A) U (I \ B). Let f € F and f’ € F be the faces corresponding to
w and w', respectively. By Lemma , C(a,)(f) contains infinitely many faces contained
in sector £(w), and C(4,p)(f’) contains infinitely many faces contained in sector £(w’). Since
w,w’ € C and C' is a connected component of L(A, B), there is a sequence of adjacent cells
w = po,P1, ..., pr = w' in L(A, B). Then, assuming p, corresponds to the face f; € F, we
obtain a sequence of adjacent faces f = fo, f1,..., fr = f'. By Lemma[4.3.10} ha 5)(fs) # O,
so Cap (f) = Cua,p)(f'). Since £(w) # {(w'), this means that a connected component of
H (VA7 p) contains infinitely many faces contained in distinct sectors. It is impossible for such
a connected component to be almost contained in any sector, so Algorithm fails.

Conversely, suppose Algorithm [4.3.11] fails. Then there must be a connected component
C of H!, p) so that, given any i, C' is not almost contained in sector 7. By Lemma , for
some distinct 7 and j, C' contains infinitely many faces contained in sector ¢ and C' contains
infinitely many faces contained in sector j.

Let f € C be a face contained in sector i and f' € C be a face contained in sector j.
Since C' is a connected component of H (VA’ B) there is a sequence of adjacent faces f :=
fo, fi,-... fy == f'in F\ Ua,p). Since f is contained in sector ¢, while f’ is contained
in sector j, there must exist 0 < ¢ < r such that f; lies along one of the nonnegative
coordinate axes. Then, by Lemma , fi corresponds to a cell p, € L(A, B). Since
fi € C, by Lemma [4.4.7} there exist p € (Cyl; N A) U (II; \ B) corresponding to g € C' and
p" € (Cyl; NA)U(II; \ B) corresponding to ¢' € C'. Then, by Lemmas |4.3.10| and |4.4.8, there
is a sequence of adjacent cells in AAB, beginning at p and ending at p’. Let ¢ be the last
cell in this sequence that is in (Cyl; N A)U(II;\ B), and let ¢’ be the first cell in this sequence
that is preceded by ¢ and in (Cyl, N A) U (I \ B) for some k € {1,2,3} \ {i}. Consider
the part of the sequence beginning at ¢ and ending at ¢/, denoted ¢ := qo,q1,...,q¢» = ¢.
Each of these cells is an element of AAB, and according to the definitions of ¢ and ¢/,
@s & Ujeqi 05 (Cyly NA) U\ B) = (I" NA)U I\ B) for 0 < s <7,

We claim that ¢; € L(A, B) for 0 < s < r’. Suppose ¢ ¢ L(A, B) for some 0 < ¢ < 7.
Since ¢,¢' € (I"NA) U\ B) C L(A,B), 0 <t < '. Then, by Lemma[t.4.5 ¢ —1 =0
or g1 & L(A,B),and t' + 1 =1" or gyy1 &€ L(A, B). In fact, by repeating this argument,
we see that g, & L(A, B) for 0 < s < . By the same lemma, q1,¢._1 & Z3, U UTTUTI,
so q1,qv-1 € Cyl; UCyly, U Cyly. Since qp,qv—1 € AADB, neither q; nor g._; has at least
two negative coordinates, but ¢, ¢ 1 € Z2,, so ¢ and ¢,»_; each have exactly one negative
coordinate. Furthermore, ¢ € Cyl;” UIl; is adjacent to ¢, and ¢’ € Cyl, UIl; is adjacent to
¢r—1. If ¢ € Cyl; ", then since ¢; € Cyl;, ¢1 # q £ e;, so the i¢th coordinate of ¢; is the same
as that of ¢. In particular, the ith coordinate of ¢ is negative. Otherwise, q € ; C Z3,,.
Since q; € 73, this implies that ¢ € BN(q1), so ¢ € BN(q). Since ¢; ¢ Cyl; U Cyl, U Cyl,
and ¢ € Cyl, for [ € {1,2,3} \ {i}, ¢1 # ¢ — e € Cyl, for [ € {1,2,3} \ {i}. Tt follows that
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q1 = q —e;, and since q; € Z3,, while ¢ € Z3,, the ith coordinate of ¢; must be negative.
In both cases, the ith coordinate of ¢; is negative, and since ¢; has exactly one negative
coordinate, the other coordinates of g; must be nonnegative. A similar argument shows that
the kth coordinate of ¢,»_1 is negative, while the other coordinates of ¢,»_; are nonnegative.
Thus, denoting by g, the face corresponding to the cell ¢, for 0 < s < r/, we conclude that
g1 and g,»_; are contained in sector ¢ and contained in sector k, respectively.

Since ¢ is adjacent to qy1, g, is adjacent to g1, for 0 < s < r’. As a result, since k # 1,
there must exist 1 < t” < r’ — 1 such that g, lies along one of the nonnegative coordinate
axes. Consequently, since g € AAB, we have gy € F \ U p), and by Lemma [£.4.4]
q € L(A, B). This contradicts our previous conclusion that g; & L(A, B) for 0 < s < r'.
By contradiction, g; € L(A, B) for 0 < s < r’. So, there is a connected component C” of
L(A, B) such that ¢, € C’" for 0 < s <1/, and we have N (C") > [{{(q),¢(¢)}| = [{i, k}| = 2.
By Remark and Theorem [1.2.26] (A4, B) & %3. O

Theorem 4.4.11. If (A, B) € &%, and Algorithm labels some cell by ¢, then Algo-
rithm labels the corresponding face by £.

Proof. Suppose (A, B) € &% (so, by Theorem Algorithm succeeds), and Al-
gorithm labels a cell w by ¢. Let f € F be the corresponding face. By Lemma [4.4.3]
if ¢ is an integer, then C4 p)(f) contains infinitely many faces contained in sector ¢, and
otherwise, C(4,p)(f) is finite. In the first case, there must be exactly one sector i almost
containing Ca p)(f), and Algorithm labels the faces in Ca py(f) by i. Then Ca py(f)
contains only finitely many faces that are not contained in sector i, and since faces contained
in sector k are not contained in sector ¢ if k # i, we must have ¢ = i. So Algorithm
labels the faces in C(4, p)(f), including f, by £. In the second case, Algorithm labels
the faces in C(4 p)(f), including f, by a single freely chosen element of P'. In this case, we
must establish two statements: (i) each cell given the label ¢ by Algorithmcorresponds
to a face in Ca p)(f) and (ii) each cell given a freely chosen label ¢’ # ¢ by Algorithm
corresponds to a face not in Ca py(f).

Suppose w' is a cell given the label ¢ by Algorithm and f’ € F is the corresponding
face. Since £ is not an integer, w and w’ must be in a single connected component of L(A, B)
labelled in step 3 of Algorithm [4.2.13, So, there must be a sequence of adjacent cells in
L(A, B), beginning at w and ending at w’. Then, by Lemma [4.3.10} the corresponding faces
form a sequence of adjacent faces, each of which is in F'\ U4 p). This sequence begins at f
and ends at ', so f' € Ciap)(f).

Suppose w’ is a cell given a freely chosen label ¢ by Algorithm and f' € F is the
corresponding face. We will show that if f* € C(4 p)(f), then ¢’ = ¢. Suppose f' € Cap)(f).
Then, by Lemmas [4.3.10and [4.4.8) w,w" € L(A, B) and there is a sequence of adjacent cells
w = wo, W, ..., w, = w in AAB. We claim that ws € L(A, B) for 0 < s < r. Suppose
not. Let 0 < ¢ < r be such that w, is the first cell in the sequence that is not in L£(A, B).
Then w, € L£(A, B) for 0 < s < t and, by Lemmal[d.4.5, w,_; € (I"NA)U(I\ B). Note that
w;_1 gets labelled by an integer j in step 2 of Algorithm Since wq, wy, ..., w1 18 a
sequence of adjacent cells, we see that {wp, w1, ..., w;_1} is contained in a single connected
component of L£(A, B), which is labelled in step 2 of Algorithm by 7. In particular,
w = wy is labelled in step 2 of Algorithm by an integer j, contradicting the fact that
¢ is not an integer. By contradiction, ws € L(A, B) for 0 < s < r. It follows that w and w’

belong to a single connected component of L(A, B), so £ = {', as desired. O
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As promised, we will now describe the connection between Algorithm [4.3.11] and the
double-dimer configuration D4 p).

Theorem 4.4.12. (A,B) € &% if and only if for each path in D4 p), there exists i €
{1,2,3} such that both ends of the path are contained in sector i.

Proof. Suppose there exists a path in D4 gy whose ends are not contained in the same sector.
Then, by Remark one end &; is contained in sector ¢, the other end &; is contained
in sector j, and i # j. Let e be any edge in the path, and consider a face f € F'\ U p)
incident to e, which exists because h 4 gy must increase or decrease upon crossing e from one
side of the path to the other.

The following argument now holds for k € {i,j}. Consider the sequence of edges e :=
€0, €1, €2, . .. obtained by beginning at e and moving along the path toward &. Each edge
es in this sequence is incident to a unique face f, on the same side of the path as f. In
particular, fo = f. In fact, since e is adjacent to esyq, fs is equal to or adjacent to fsiq
for 0 < s. Moreover, if f; and fs;; are adjacent, then since ez, es1 € M4 U Mp, fs and
fsi1 are separated by an edge that is in neither M4 nor Mpg. Thus, we have a sequence
of equal or adjacent faces f = fo, fi, fo,..., and hap)(fs) = hap(f) # 0 for 0 < 5. It
follows that f, € Ciap)(f) for 0 < s. Also, since & is contained in sector k, there exists
t > 0 such that ey is contained in sector k for s > t. Then, if [ € {1,2,3}\ {k}, fs is not
contained in sector [ for s > t. Finally, since every face is incident to six edges and each edge
appears in the sequence eg, €1, e, . .. at most once, any given face can appear in the sequence
fo, fi, fa, ... at most six times. In other words, {fi+1, fi42, firs, ...} € Cra,p (f) is an infinite
set, so if [ € {1,2,3} \ {k}, C(a,)(f) contains infinitely many faces that are not contained
in sector I. As a result, if I € {1,2,3} \ {k}, Cra,p)(f) is not almost contained in sector .
Since this argument holds for & € {i,j}, and ({1,2,3}\ {i}) U ({1,2,3} \ {4}) = {1,2,3},
Ca,p)(f) is not almost contained in any sector. Consequently, Algorithm fails, so by
Theorem [4.4.10, (A, B) ¢ </2.

Conversely, suppose (A, B) ¢ /2. By Theorem [4.4.10, Algorithm |4.3.11] fails, so there is
a connected component C' of H (VA’ B) that is not almost contained in any sector. Then, by

Lemmas and [£.4.6], there exist distinct ¢ and j such that C' contains infinitely many
faces contained in sector ¢ and C' contains infinitely many faces contained in sector j, there
exists IV; € Z>o such that each face contained in sector ¢ that isn’t a face of the subgraph
H(N;) € Hisin F\ Uca,p), and there exists N; € Zx( such that each face contained in
sector j that isn’t a face of the subgraph H(N;) C H is in F'\ U4, p). So, C' contains a face
fi contained in sector i that isn’t a face of H(N;), and C contains a face f; contained in
sector j that isn’t a face of H(N;).

The following holds for [ € {i,j}. Let k € {1,2,3} satisfy {k} = {1,2,3}\ {7,j}. Observe
that the set F} of faces contained in sector [ that are not faces of H(N;) induces a connected
subgraph of H". In addition, F; C F'\ U,p), so F; actually induces a connected subgraph
of H(VAB). Since C'is a connected component of H(VAB) and f; € CNF;, we have F; C C. For
0 < s, let fi(IV;+s) be the face corresponding to the cell (N;+ s)ex +e,,, where m € {1,2,3}
satisfies {m} = {i,j} \ {l/}. Since the Ith coordinate of (N, + s)e; + e, is strictly less than
its other coordinates, fj(N; 4+ s) € F; C C for 0 < s.

Since C'is a connected component of H(VA’B), there is a sequence f;(N;+1) := go, 91, -, gr :=

fi(N; 4+ 1) of adjacent faces in C. Let N = max{N;, N;, M'}. As discussed in the proof of
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Lemma 4.9, if 0 < s, then heap)(fe(N + s)) = 0, where fi(N + s) is the face corre-
sponding to the cell (N + s)eg. Also, for 0 < s, fi(INV + s) is adjacent to fi(N + s) and
to fi(N + s+ 1). Let ¢(s) be the edge separating fr(N + s) and fi(N + s), and let €](s)
be the edge separating fi(N + s) and fi(N + s+ 1). Since fi(N +s) € C C F\ Uua,p),
hia) (fi(N 4 s)) # 0 for 0 < s, implying that ¢;(s),ej(s) € MaAMp. So, the sequence of
adjacent edges e;(1),e;(1),e;(2),€5(2), ... constitutes one end & of a path v in D4 p), and
&; i1s contained in sector 3.

Consider the other end & of v. Note that v separates Ui gy from F'\ U p), so y cannot
separate two adjacent faces in the sequence

’fZ(N’L+2)7fZ(N’L+]‘)’gl’92’7g7“—17f](N]+1)7fj(N]+2)77

since each of them is in C and, thus, in F'\ U4, ). On the other hand, this is a sequence of
adjacent faces, so we conclude that v must be contained in {¢;(s), ej(s) | I € {i,5},0 < s}UE,
for some finite set Ey. Therefore, since e;(s) and €/(s) are contained in sector j, £ must be
contained in sector j. That is, v is a path in D4 gy whose ends are contained in distinct
sectors. This completes the proof. 0

Next, in order to apply the double-dimer analogue of Kuo’s graphical condensation (see
Theorem 4.5.1]), we must truncate double-dimer configurations on H to obtain double-dimer
configurations with nodes on H(N).

Definition 4.4.13. Let G = (V4, V4, E) be a finite, edge-weighted, bipartite planar graph
embedded in the plane with |V;| = |V3|. Let N denote a set of special vertices called nodes
on the outer face of G. A double-dimer configuration on (G, N) is a multiset of the edges
of G with the property that each internal vertex is the endpoint of exactly two edges, and
each vertex in N is the endpoint of exactly one edge.

The edge-weight of a double-dimer configuration with nodes is the product of its edge-
weights. The weight of such a configuration is its edge-weight times 2¥, where k is the
number of loops in the configuration.

Lemma 4.4.14. For any N > M, no edge in Mg is incident to a vertex in H(N) and a
vertex not in H(N).

Proof. Suppose N > M, an edge e € Mp is incident to vertices u and v of H, and u is not
in H(N). We will show that v is not in H(N). Consider the two faces f, f' € F that are
incident to e. Since e € Mp, hp increases or decreases by 2/3 between f and f’. Without
loss of generality, hg(f) = hp(f')+2/3, so when crossing e from f’ to f, the left vertex of e is
white, implying that f is obtained from f’ by translating 1 unit in the negative x;-direction
for some i € {1,2,3}. Let p (resp. p') be the cell corresponding to f (resp. f’) such that B
lies at p (resp. p’). Then p = p'—e;+ (k, k, k) for some k € Z, and since hp(f) = hp(f')+2/3,
k = 1. Note that p’—e; = p—(1,1,1) € B, sop—(1,1,1) € (LUI)\ B or p' —e; has at least
one negative coordinate. In the first case, p — (1,1,1) e TUTI C [0, M — 1], so f is a face
of H(M) and, thus, of H(N), contradicting the fact that u is not in H(N). In the second
case, since B lies at p’, p’ has no negative coordinates, so the ith coordinate of p’ must be
0, while the other coordinates of p’ are nonnegative. It follows that the ith coordinate of
p=p —e;+(1,1,1) is 0, while the other coordinates of p are positive, so f is contained in
sector 7. Furthermore, since f is obtained from f’ by translating in the negative x;-direction,

e must be perpendicular to the x;-axis. Any edge contained in sector ¢ and perpendicular to
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the z;-axis is incident to vertices that are both in H(N) or both not in H(N), so since u is
not in H(N), v is not in H(N). O

The significance of this lemma is that, if N > M, Mpg can be truncated to a perfect
matching Mp(N) of H(N). On the other hand, M, can be truncated to a partial matching
Ma(N) of H(N). So, Da,p) can be truncated to a double-dimer configuration with nodes,
denoted by D(ap)(N), on H(N). In this case, the nodes are the vertices of H(N) covered
by dimers in M, that are not edges of H(N). Such vertices must not only be on the outer
face of H(N), but they must be labelled by half integers, as in Figure , so they must be in
sector i or sector i~ for some i € {1,2,3}.

Each double-dimer configuration with nodes is associated with a planar pairing of the
nodes. On a finite graph, the notion that the paths are “rainbow-like” means that the
pairing is tripartite.

Definition 4.4.15. A planar pairing o is tripartite if the nodes can be divided into three
circularly contiguous sets R, G, and B so that no node is paired with a node in the same
set. We often color the nodes in the sets red, green, and blue, in which case ¢ is the unique
planar pairing in which like colors are not paired.

FIGURE 11. A double-dimer configuration with nodes on H(5), obtained by
truncating the double-dimer configuration from Figure [10]

Example 4.4.16. Truncating the double-dimer configuration from Figure (10| to a double-
dimer configuration on H(5) produces the tripartite double-dimer configuration shown in

Figure [T1]

We now show that if (4, B) € @8 and N > M, then D4 py(N) is a tripartite double-dimer
configuration.

Theorem 4.4.17. Suppose (A, B) is an AB configuration. Then (A, B) € &% if and only
if, for all N > M, each path in D4 p)(N) begins and ends in the same sector.

Proof. Suppose N > M. Consider a node u of D4 py(IN) in sector i, so u is a vertex of
H(N) covered by a dimer e € M, that is not an edge of H(N). Then e must be incident to
another vertex v that is not a vertex of H(N). By Lemma4.4.14) e € Mo\ Mp C MsAMp.

In other words, e is a dimer in a loop or path v in D4 p).
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Consider the sequence of vertices u, v := vy, vy, Vs, . . . obtained by moving along -, begin-
ning at uw, moving to v, and then continuing along . We claim that this sequence never
returns to a vertex of H(N) (i.e., vy is not a vertex of H(N) for s > 0) and never leaves
sector 7. By Lemma v is in sector 7, and if the sequence leaves sector ¢ thereafter, it
must first return to a vertex of H(N), so it suffices to show that the sequence never returns
to a vertex of H(NV).

Suppose v is a vertex of H(N) for some s > 0. Let r > 0 be the least index such that
v, is a vertex of H(N). Note that r > 0, since v is not a vertex of H(N). Also, v,_; is
not a vertex of H(N), so by Lemma , {v,_1,v.} & Mg, so {v,_1,v.} € Ma. Since
e € M, and v must alternate between M, and Mg, we deduce that r is even. Therefore,
r > 1, and if u is white, then v, is black, and vice versa. As a result, the projection of the
x;-axis lies between u and v,. However, if 0 < s < r — 1 is even, then {v,,vs11} € Mp, so
by Lemma , since neither vs nor vs,; is a vertex of H(N), vs and vs,1 must both be
vertices of H(N') and not vertices of H(N' — 1) for some N’ > N. In fact, as discussed in
the proof of Lemma , each such dimer {vg, v541} must be perpendicular to the x;-axis.
Since consecutive dimers in any loop or path in D4 gy cannot both be perpendicular to the
x;-axis, this implies that the dimers {u, v} and {vg, vs41}, where 0 < s < r is odd, cannot be
perpendicular to the x;-axis. Since the projection of the x;-axis lies between u and v,, some
dimer in v between u and v, must cross the projection of the x;-axis from the side on which
u lies to the side on which v, lies. Such a dimer must be perpendicular to the x;-axis, so it
must be of the form {v;, v;y1}, where 0 <t < r —1is even. Then v; lies on the same side of
the projection of the x;-axis as u, so v and v; are vertices of the same color. Since ¢ is even,
this means that u and vy = v are vertices of the same color, which is a contradiction. This
completes the proof of the claim. We conclude that « is a path in D4 p), and one end of v
is contained in sector 7. That is, if N > M, then each node of D(A7B)(N) in sector ¢ must be
covered by a path in D4 gy, one of whose ends is contained in sector 4.

Suppose for some N > M, there is a path 4" in D4 g)(IN) that begins and ends in two
different sectors. Then the above discussion shows that there is a path v in D4 p) whose
ends are contained in two different sectors. By Theorem (A, B) ¢ @/B. Conversely,
suppose (A, B) ¢ /. By Theorem , there is a path v in D4 p), one of whose ends
is contained in sector ¢ and the other of whose ends is contained in sector j, where i # j.
Then ~ consists of a sequence of dimers ... ,e_o,e_1,€p,€1,€9,..., and there exist r,t € Z
such that e_g is contained in sector ¢ for s > r and e, is contained in sector j for s > t. Since
consecutive dimers cannot be contained in different sectors, —r < ¢. Let N’ € Z>( be such
that all of the dimers e_,,e_,y1,...,€,_1,¢; are edges of H(N'), and let N = max{N’, M }.
Then N > M and all of the dimers e_,,e_,,1,...,e,1,¢; are edges of H(N), so they form
part of a path 7" in D4 p)(N). More precisely, 7 must consist of the sequence of dimers
€_p1y € pii1y. .,y 1,€p for some 7 > r and some t' > t. Let u be the node covered by
e_ and let v be the node covered by ey. Since ' +1 > >rand t/ +1 >t >t e_
is contained in sector ¢ and ey is contained in sector j. But e_,.._; also covers u and
ey 41 also covers v, so u is contained in sector ¢ and v is contained in sector j. Thus, there
exists NV > M so that there is a path 7' in D4 p)(N) that begins and ends in two different
sectors. 0]

Corollary 4.4.18. Suppose (A, B) is an AB configuration. Then (A, B) € /% if and only

if, for some N > M, each path in Da p)(N) begins and ends in the same sector.
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Proof. Suppose N > M and there is a path v in D4 g)(M) that begins in sector ¢ and ends
in sector j, where ¢ # j. Then, by the claim established in the first three paragraphs of the
proof of the theorem, v must be a subpath of a path 7" in D4 p)(N) that begins in sector i
and ends in sector j. So, if there exists N > M such that each path in D4 g)(/V) begins and
ends in the same sector, then each path in D4 p)(M) begins and ends in the same sector.
Now suppose N’ > M and each path in D4 py(M) begins and ends in the same sector.
Consider a path v in D4 p)(N’) that begins in sector i. If v leaves sector ¢, then by
Lemma it must first enter H(M). Since 7 enters H (M) in sector i and each path
in Da,5)(M) begins and ends in the same sector, v must exit H(M) in sector 7. In other
words, if 7 leaves sector 4, it must first enter H(M) and must return to sector i before
exiting H(M). As a result, v must end in sector i. So, by the theorem, (A, B) € @#8. This
completes the proof. O

We can be even more precise about the pairing of the nodes N. Suppose there are 2r
nodes in sector i. The nodes in sector i are vertices on the outer face of H(N), and we can
number them consecutively in clockwise order. If r > 0, we then refer to the pairing

((1,2r),(2,2r —=1),...,(r,r + 1))

as the rainbow pairing of the nodes in sector i. If » = 0, we refer to the empty pairing as
the rainbow pairing of the nodes in sector 7. Furthermore, if the nodes in sector ¢ are paired
according to the rainbow pairing in sector 4, for each i € {1,2,3}, then we call the resulting
pairing of N the rainbow pairing of N.

Theorem 4.4.19. Suppose (A, B) is an AB configuration. Then (A, B) € &2 if and only
if, for all N > M, the nodes of Da,p)(N) are paired according to the rainbow pairing.

Proof. By Theorem it suffices to show, for N > M, that each path in D4 g)(N)
begins and ends in the same sector if and only if the nodes of D4 p)(/N) are paired according
to the rainbow pairing. So, assume N > M, and let o denote the pairing of the nodes N of
Dapy(N).

Suppose each path in D4 p)(N) begins and ends in the same sector. Consider the nodes
in sector 7. Each must be paired with exactly one other node in sector ¢, so there are 27 such
nodes, for some r € Z>,. Number them consecutively in clockwise order. Then, considering
the structure of H(NN) and the fact that each node must be incident to an edge of H that is
not an edge of H(NV), we see that the white nodes precede the black nodes. That is, given a
white node numbered m,, and a black node numbered m;,, we have m,, < my. For1 < 5 < 2r,
let ; be the path in D4 p)(/V) beginning at node j. To show that ¢ is the rainbow pairing,
we must show that ; = v2,—;11. First, since each node in sector ¢ must be paired with
exactly one other such node, ; = 74 for some 1 < k < 2r such that j # k. Also, since
Mpg(N) is a perfect matching of H(N), each path in D4 p)(/N) must begin and end with
dimers in Mp(N), so v; = 7 consists of an odd number of dimers. Consequently, if node
7 is white, then node k must be black, and vice versa. This implies that there are equally
many white and black nodes in sector ¢, so nodes 1 through r are white and nodes r + 1
through 2r are black. Therefore, if j < r, then £ > r, and if 7 > r, then k£ < r. Moreover,
since o is planar, there can be no crossings, i.e., no four nodes m; < mo < ms < my such
that v, = Yms and Vm, = Ym,. In particular, if v; = 75, where & < 2r, then £ > r and
Yor = 7, Where 1 < [ < r, so we have a crossing. So, 73 = 79,. By similar arguments, we

then find that v = 79,_1, and so on, until we find that ~, = ;.
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Conversely, suppose o is the rainbow pairing, and consider a path v in D4 5)(IN). Since
the rainbow pairing only pairs nodes in the same sector, and v is a path between two nodes
u and o(u), v begins and ends in the same sector. 0

Corollary 4.4.20. Suppose (A, B) is an AB configuration. Then (A, B) € &% if and only
if, for some N > M, the nodes of Dapy(N) are paired according to the rainbow pairing.

Proof. This is a direct consequence of Corollary |4.4.18| 0

Finally, we can explicitly describe the nodes of D4 p)(N). The set of nodes N and the
coloring of these nodes is determined by the partitions puq, uo, and us. Let S; be the Maya
diagram of p;. We refer to the labelling of the graph H(N) shown in the right-hand side of
Figure [l Given N € Zsy, let N (N) (resp. N; (N)) be the set of vertices on the outer face
of H(N), in sector i (resp. sector i~ ), that are not labelled by any of the elements of S;

3
(resp. S;7). Then let N, (N) = '!1 N (N)UN; (N).

Lemma 4.4.21. Suppose (A, B) is an AB configuration and N > M is such that each box
in AU B corresponds to a face of H(N). Then the set of nodes N of Da p)(N) is N, (N).

Proof. Consider a node u of D4 p)(N) in sector it (resp. sector i~). Then w is a vertex
of H(N) covered by a dimer e € My that is not an edge of H(NN). We must show that
u € N (N) (resp. u € N; (N)). That is, we must show that u is not labelled by any of
the elements of S;" (resp. S;). Let m(u) denote the label associated to u, and let v be the
vertex in sector ¢ labelled by m(u) — 1 (resp. m(u) 4+ 1). There is a unique face f € F such
that e and v are both incident to f. Note that f is contained in sector . Also, since e is not
an edge of H(N), f is not a face of H(N). Let w be the cell corresponding to f such that 2
lies at w. Then the ¢th coordinate of w is strictly less than the other coordinates of w, and
by assumption, f does not correspond to any box in AU B, so w € AU B. Since 2 lies at
w, w has at most one negative coordinate and w ¢ (I" UIIT) \| A. It follows that w ¢ I~ UTIL.

Suppose w € Cyl,. Then, since w ¢ I~ UTI, we have w € Cyl;. Since the ith coordinate
of w is the least coordinate of w, we deduce that w € [0, M — 1]3. Then f must be a face of
H(M) C H(N). By contradiction, w ¢ Cyl,.

Now consider the cell w — e;, where j € {1,2,3} and j =¢—1 (mod 3) (resp. j =i +1
(mod 3)). Let f' € F be the face corresponding to w — e;. Observe that f’ is the other face
of H to which e is incident, and when crossing e from f to f’, the left vertex of e is white.
Since e € M4, we see that hy increases by 2/3 between f and f', i.e., ha(f') = ha(f) +2/3.
Thus, 2 must lie at w —e; + (1,1,1). In particular, w — e; € A, so w — e; has at least two
negative coordinates, or w —e; € (I7 UII) \ A. In the first case, since the ith coordinate w;
of w is its least coordinate and w has at most one negative coordinate, the other coordinates
of w must be nonnegative, so w; < 0 and the jth coordinate w; of w must be 0. In this case,
we conclude that (44;)w,+1 = 0, where k € {1,2,3} is such that {k} = {1,2,3}\ {7,7}, so
wy, + 1> (@)1 = (i) w;+1 (resp. (ii)w,+1 = 0 = w;). In the second case, w —e; € I” U,
and the ith coordinate of w is strictly less than the other coordinates of w, so the ith
coordinate of w — e; is the least coordinate of w — e;. In this case, we conclude that
w —e; € Cyl;. Since w ¢ Cyl;, we once again determine that (y}),,+1 = w;, and w; > 0, so

(Mz‘)wj > wp+1> (/M)wjﬂ (resp. (i) wp+1 = Wy).
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As a consequence of our choices made in defining w, w is labelled by m(u) = 1/2 4wy, —w;
(resp. m(u) = —1/2 + w; — wy). Therefore, we have

(Hi)wj+1 — (Wi +1) +1/2 = (i) w41 — 1 —w; +1/2 < wy, —w; +1/2 = m(u)
and (in the case that w; # 0)
m(u) = wp —wj +1/2 < (pi)w; =1 —wj +1/2 < (pi)w, — wj +1/2

(resp. m(u) = —1/2 + wj — wi = —1/2 + (i) wp+1 — Wk = (i) wp+1 — (W + 1) +1/2). Since
the sequence (p;); —t+ 1/2 is a strictly decreasing sequence, m(u) # (u;); —t 4+ 1/2 for any
t>0,ie, m(u) &S; (resp. m(u) € S;). So, m(u) & S;" (resp. m(u) € S;), as desired.

Conversely, consider u € N (N) (resp. u € N; (N)). Then u is a vertex on the outer face
of H(N), in sector i (resp. sector i~ ), and it is not labelled by any of the elements of S;"
(resp. S; ). We must show that u is a node of D4 p)(N), i.e., that u is covered by a dimer
in M, that is not an edge of H(N). As above, let m(u) denote the label associated to wu,
and let v be the vertex in sector ¢ labelled by m(u) — 1 (resp. m(u) + 1). There is a unique
edge e of H that covers u and is not an edge of H(NV), and there is a unique face f € F such
that e and v are both incident to f. Note that f is contained in sector ¢ and is not a face
of H(N). We will show that e € M. Let w be the cell corresponding to f such that A lies
at w. In addition, let j € {1,2,3} such that j =¢—1 (mod 3) (resp. j =i+ 1 (mod 3)),
let k € {1,2,3} such that {k} = {1,2,3}\ {4,7}, and let f' € F be the face corresponding
to w —e;. Then the i¢th coordinate of w is strictly less than the other coordinates of w, and
by assumption, f does not correspond to any box in AU B, so w & AU B. Since 2 lies at
w, w has at most one negative coordinate and w ¢ (I" UIIL) \ A. It follows that w ¢ I~ UTII
and wj, wy, > 0. Furthermore, w — (1,1,1) € 2, so (i) w — (1,1,1) has at least two negative
coordinates or (ii) w—(1,1,1) € (I" UII) \ A. In case (i), w; and wy, cannot both be positive,
so w; = 0 or w, = 0. In case ( i), the ith coordinate of w — (1,1,1) is strictly less than the
other coordinates of w — (1,1,1), so if w — (1,1,1) € I, then w — (1,1,1) € Cyl; C Cyl,.
Thus, w — (1,1,1) € Cyl;, 80 (i)w; > wi (resp. (i)w, > wj).

As discussed above, m(u) = 1/2+w;, —w, (resp. m(u) = —1/24+w; —wy,). By assumption,
0 < m(u) € S (resp. 0 > m(u) ¢ S;). Consequently, m(u) € S; (resp. m(u) € S;), so
m(u) # (i) —t+ 1/2 for any t > 0 (resp. m(u) = (1;)¢, — to + 1/2 for some ¢y > 0). Then
0 <wy —w; # (i) —t for any t > 0 (resp. 0 > w; —wy, — 1 = (i), — to)-

Suppose w; # 0 and w —e; € Cyl,. Then (p)w,+1 < wj, implying that (i), < wy
(resp. (fi)w,+1 < wj). We have (1;)w, —w; < wp —w; # () —t for any £ > 0, so
(i)w; — w; < wy, — wj;, which means that (1;)w, < wi (resp. (Ki)w,+1 — (Wi +1) < w; —
(wg, + 1) = (i), — to, S0 to < wy + 1, since the sequence (p;); — t is strictly decreasing).
In case (i), since w; # 0, wy = 0, 50 (4;)w; < 0, which is a contradiction (resp. to < 1, so
to <0, which is a contradiction). In case (ii), we have (t;)w, > wr > (f1i)w;, @ contradiction
(resp. (fi)wy, — Wi > (fi)w, — Wk — 1 > w; — wi — 1 = (1;)y, — to, so because the sequence
(p;)r — t is strictly decreasing, wy, < to < wy, + 1, a contradiction). We conclude that w; =0
orw —e; € Cyl,.

If w; = 0, then since w; < w;, w — e; has at least two negative coordinates, so w —e; € 2.
Otherwise, w — e; € Cyl;. Observe that f’ is the other face of H to which e is incident and
is not a face of H(N). Suppose w —e; € Cyl. Since the ith coordinate of w is less than the
other coordinates of w, the ith coordinate of w — e; is the least coordinate of w —e;. We

deduce that w —e; € [0, M — 1]3, so f’ must be a face of H(M) C H(N). By contradiction,
45



w—e; € Cylf, sow—e; € Cyl; C 17 UIIL Moreover, by assumption, f’ does not correspond
to any box in AUB,sow—e; ¢ AUB. So, w—e; € (I" UIIl) \ 4, showing that w—e; € 2.
In either case, w —e; € A, so A lies at or above w + e; + e, which corresponds to f’. Since
2 lies at w, which corresponds to f, hs must increase by at least 2/3 between f and f’, i.e.,
ha(f') > ha(f)+2/3. According to the definition of h4, since e separates f and f’, e € My,
as desired. O

Corollary 4.4.22. The set of nodes of D py(N) in sector i is N; := N (N) UN; (N).

We color the nodes as follows. Recall that when given a Maya diagram, by holes, we mean
elements of Z + % \ S, and by beads, we mean elements of S.

e In sector 1, the blue nodes are the holes of S; with positive coordinates and the red
nodes are the beads of S} with negative coordinates.

e In sector 2, the red nodes are the holes of Sy with positive coordinates and the green
nodes are the beads of Sy with negative coordinates.

e In sector 3, the green nodes are the holes of S3 with positive coordinates and the blue
nodes are the beads of S5 with negative coordinates.

Since |S;| = |S;7| for i € {1,2,3}, there are an equal number of nodes in sector i with
positive coordinates and negative coordinates. So, the rainbow pairing of N, (V) pairs blue
nodes in sector 1 with red nodes in sector 1, red nodes in sector 2 with green nodes in sector
2, and green nodes in sector 3 with blue nodes in sector 3. This shows that the rainbow
pairing is tripartite.

Let D,(G,IN) be the set of all double-dimer configurations on G with nodes N paired ac-
cording to o, and let ZPP (G, N) denote the weighted sum of the double-dimer configurations
in D,(G,N). We can now explain the relationship between Z.4 and ZPP(H(N),N,(N)),
where o is the rainbow pairing. Note that |N; (N)| = |N; (N)|, since S| =[S} |, so it
makes sense to consider the rainbow pairing of N, (V).

Given a nonempty AB configuration, removing a box whose back neighbors are not boxes
produces another AB configuration, so between any two AB configurations (A, B) and
(A', B'), there always exists at least one sequence (A, B) := (A1, By), (As, Ba), ..., (A, B,) :=
(A’, B') of AB configurations such that consecutive AB configurations differ by the removal
or addition of a single box. Furthermore, if (A4, 1, Bsy1) is obtained from (Ag, B) by remov-
ing a box from A, or By, then My, , or Mg, is obtained from My, or Mp,, respectively, by
performing a local move as shown in Figure Similarly, if (Asy1, Bsy1) is obtained from

F1GURE 12. A local move corresponding to the removal of a box.

(As, Bs) by adding a box to A, or B, then M, ,, or Mp_, is obtained from M4, or Mg,

respectively, by performing a local move as shown in Figure [13]
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F1GURE 13. A local move corresponding to the addition of a box.

Recall the edge weights specified in Definition Assuming that all of the boxes in
AU B and all of the boxes in A’ U B’ correspond to faces of H(N), the above discussion
applies just as well to M4 (N) and Mp, (N). Then, one consequence of the chosen edge
weights is that removing a box increases the edge-weight by a factor of ¢, and adding a box
decreases the edge-weight by a factor of . Therefore, the edge-weight ¢*«.5 W) of Da,)(N)
is related to the edge-weight ¢’ .58n ) of Dar.p(N) by the following equation:

q|A|+\B\+w(A,B>(N) — q|A/‘+‘Bl|+w(A’,B’)(N)‘

In particular, if (A", B’) = (I, 1UIII) and N > M, then we have
|A] + |B| + wea,p)(N) = [I] + 2|} + wu,momm (V).

Observe that (III, IUIN) € % (n) C &%, where 7 is the labelled box configuration consisting
of the boxes I UIII, all of which are unlabelled. So, by Theorem [4.4.19| and Lemma |4.4.21},
if N> M, Dunuumy(N) € Do(H(N),N,(N)).

Definition 4.4.23. The double-dimer configuration Dy uum(&N) on (H(N),N,(V)) will
be called the base, double-dimer configuration and its edge-weight will be denoted gase(),

In other WOI‘dS, wbase(,u) = w(HI,HUIH) (N) AAISO7 if |A| + |B| S N — M, and w € AU B,
then w € Cyl; for some i € {1,2,3} or w € MUII. In the first case, w € A, so by
Conditions 4.2.2] w + se; € A for 0 < s < —w;. It follows that —w; < |A| < |A] +|B| <
N — M. Since the coordinates of w other than the ith coordinate are in [0, M — 1], we must
have w — w;(1,1,1) € [0, M — 1+ N — M]?> = [0, N — 1], so w — w;(1, 1, 1) corresponds to a
face of H(NN) and, thus, so does w. In the second case, w € TUII C [0, M —1]*> C [0, N —1}?,
so w corresponds to a face of H(N). If, in addition, (A, B) € @4, then by Theorem

and Lemma 4.4.21) D4 p)(N) € D,(H(N),N,(N)).
Consequently, assuming N > M, by Definition 4.2.35, we have

Zoplqh) = M2l Z g AI-1B]

(A,B) e
q|H\+2\HI| 2 : q7|A\f|B| +q|II|+2|HI| 2 : qf\A|f|B|
(A,B)ea? (A,B)eoB
|A|+|B|[<N—-M |Al+|B|>N-M
— q—wbase(u) E : qw(A,B)(N) +q|H|+2\HI| E ( q—\A\—IBI_
(A,B)cotB (A,B)e B
|A|+|BI<N-M |Al+|B|>N—-M

Let D € D,(H(N),
pairing and ’Nj(N)

(N)). Since the nodes N, (N) are paired according to the rainbow
IN; (N)|, each path in D pairs a black node in N; (N) with a
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white node in N; (N), for some i € {1,2,3}. Thus, each path has odd length. If there
are k(D) loops in D, this implies that there are 2¢(P) ways to decompose D into a perfect
matching M; of H(N) \ N,(N) and a perfect matching M, of H(N). These matchings
then correspond to lozenge tilings, and since the nodes N, (N) are paired according to the
rainbow pairing, these tilings extend uniquely to tilings of the plane that can be interpreted
as surfaces 2 = Ry U (I" UI) \ A and B = Ry U (LU TI) \ B, respectively, for some AB
configuration (A, B). Then M4(N) = M; and Mp(N) = My, so D4 5)(N) = D.

To be more precise, we must check that the penultimate statement from the previous
paragraph holds for an AB configuration (A, B) associated with the partitions p and not
some other partitions. The fact that the nodes of D are N, (V) ensures that the tiling
corresponding to M; can be extended so that A = Ry U (I"(v) U Ill(v)) \ A, where A C
["(v) Ulll(v), for any partitions v such that p; C v; for i € {1,2,3}. It’s not clear, though,
that the tiling corresponding to M, can be extended so that B = Ry U(II(p)UII(p))\ B, where
B C II(p)UII (). All we can say is that it can be extended so that B = R, U(II(v)UIIL(v))\ B,
where B C II(v) U II(v), for some partitions v such that p; C v; for i € {1,2,3}. Suppose
this statement does not hold for v = u. Then there exists a cell w € B\ (R UTI(p) UTII (1)) C
(L) UTI(0) \ (B U Tl {j) U T ().

If w € II(v), then since w ¢ M(p) U (u), there exist i,7 € {1,2,3} such that i # j and
w ¢ Cyl;(u) U Cyly(v). Since w € B, by Lemma [£.3.3) w — se; € B for 0 < s < w; + 1.
On the other hand, since w ¢ Cyl;(u), w — se; & Cyl;(u1) for 0 < s < w; + 1. Moreover,
the jth coordinate of w — (w; + 1)e; is —1, while the other coordinates are nonnegative, so
w— (w;+1)e; € Cyl; (v)\I"(u). This implies that w —se; € Ry U (1™ (p) UII(p)) and, thus,
w—se; € Afor 0 <s <w;+ 1. Consequently, {w —se; |0 <s<w;+1} C L(A B)is a
connected set of cells containing w € I;(v) and w—(w;+1)e; € Cyl; (v). By Theorem {4.2.26]
(A, B) & @A, so by Corollary the nodes of D4 p)(N) are not paired according to the
rainbow pairing. This contradicts the fact that Dy py(IN) = D € Do (H(N),N,(N)).

Otherwise, w € II(v), and since w ¢ () U (1), there exist 4,5 € {1,2,3} such that i # j
and w ¢ Cyl;(u) U Cyl;(u). Since w € B, by Lemma w—se; €Bfor)<s<w+1
and w—te; € B for 0 <t < w;+1. On the other hand, since w & Cyl,(11), w— se; € Cyl; (1)
for 0 < s <w; + 1. Similarly, since w & Cyl;(u), w —te; & Cyl,;(u) for 0 < ¢ < wj;+1. Also,
the ith coordinate of w — (w; + 1)e; is —1, while the other coordinates are nonnegative, so
w — (w; + 1)e; € Cyl; (v) \ I"(p). Similarly, the jth coordinate of w — (w; + 1)e; is —1,
while the other coordinates are nonnegative, so w — (w; +1)e; € Cyl; (v) \ 1" (u). Therefore,
w—se; & Ro U (I () UI(p)) and, thus, w — se; & A for 0 < s < w; + 1. Similarly,
w—te; € Ry U (1™ (p) UIL(p)) and, thus, w —te; ¢ A for 0 < ¢ < w; + 1. Consequently,
{w—se; |0<s<w+1}U{w—te; |0<t<w,;+1} C L(A, B) is a connected set of cells
containing w — (w; + 1)e; € Cyl; (v) and w — (w; + 1)e; € Cyl; (v). By Theorem ,
(A, B) & @##, so by Corollary 4.4.20| the nodes of D4 p)(/N) are not paired according to the
rainbow pairing. Again, this contradicts the fact that D4 p)(N) = D € D,(H(N),N,(N)).
So we can, in fact, extend the tiling corresponding to Ms so that B = Ry U(I(p) UL (1)) \ B,
where B C II(p) U II(1).

Now, if D(H(N)) denotes the set of all double-dimer configurations with nodes on H(N),
and 7 : B — D(H(N)) is the map (A, B) — Dap)(N), then (A, B) € 7 4(D). We
conclude that |77 3(D)| = 2¥P). Finally, given any (A, B) € 77 Y(Dy(H(N),N,(N))), the
nodes of D4 py(N) are N,(NN), so all boxes in AU B must correspond to faces of H(N), and
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we deduce that |A| + |B| + w,p)(N) = 0| + 2| + wpase(p). Also, by Corollary 4.4.20}
71Dy (H(N),N,(N))) C 5.
As a result,

0 2P (H (), N,(V)
— q_wbase(u) Z w(D)

DEDJ(H(N)vNH«(N))

» D
—" 3 3 ;’k(w?

DeDy(H(N),NL(N)) (A,B)er—1(D)
— q_wbase(u) Z qw(AyB) (N)
N

DeDo (H(N),Nu(N)) (A,B)er—(D)
— qifwbase(:u‘) qw(A,B)(N)
(A,B)er= (Do (H(N),NL(N)))
— q—wbase(u) Z qw(A,B)(N) + q|H|+2|HI| Z q—IAI—\B\'
(A,B)eat’ (A,B)er™ (Do (H(N),N,(N)))
|A[+|B|[<N—M |Al+|B|>N—M

This discussion, along with Theorem leads to the following result.

Theorem 4.4.24. As N — 0o, ZPP(H(N),N,(N)) := g ZPD(H(N),N,,(N)) con-
verges to Zuz(q~') = W (1, pa, pia;q 7).

4.5. The condensation recurrence in PT theory. In [2], the first author showed that
when o is tripartite, ZPP (G, N) satisfies the condensation recurrence.

Theorem 4.5.1. [2, Theorem 2.1.1] Let G = (Vi, Vs, E) be a finite edge-weighted planar
bipartite graph with a set of nodes N. Divide the nodes into three circularly contiguous sets
R, G, and B such that |R|, |G| and |B| satisfy the triangle inequality and let o be the
corresponding tripartite paim’ngﬁ Let a,b,c,d be nodes appearing in a cyclic order such that

a,c € Vi and b,d € V2E| Then
(6) Z7°(G.N)Z,) (G.N —{a,b.c,d}) = Z77(G.N—{a,b})Z;7(G,N — {c,d})
+ Ziz?(G7 N — {(I, d})Z£?<G7 N — {ba C})

where Tapeq 1S the unique planar pairing on N — {a, b, ¢, d} in which like RGB colors are not
paired together, and fori,j € {a,b,c,d}, o;; is the unique planar pairing on N — {i,j} in
which like RGB colors are not paired together.

We apply this recurrence with G = H(N), N = Nre re ,.(N), and the RGB coloring
defined in Section [£.4. We choose the four nodes a, b, ¢, and d as follows: Let S; be the
Maya diagram of pu;, and let @ and b be the nodes in sector 1 labelled by max.S; and
min S}, respectively. Similarly, we let ¢ and d be the nodes in sector 2 labelled by max S,

and min S;". Note that these nodes have the same coordinates as the vertices specified in
Section but the coordinate system is different (see Figure . We remark that a is a red

31f |R|, |G|, and | B| do not satisfy the triangle inequality, there is no corresponding tripartite pairing o.
4Additionally, {a,b,c,d} must contain at least one node of each RGB color. In our applications of this
theorem, this assumption is always satisfied.
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node in sector 1, b is a blue node in sector 1, ¢ is a green node in sector 2, and d is a red
node in sector 2. So a, b, ¢, and d appear in cyclic order, alternating black and white.
As in DT theory (see Section [3.3)),

the set of nodes N — {a, b, ¢,d} corresponds to the partitions 1, po, s,
the set of nodes N corresponds to the partitions ¢, ps¢, us,

the set of nodes N — {a, b} corresponds to the partitions py, ph°, us,
the set of nodes N — {¢,d} corresponds to the partitions pi¢, us, i3,
the set of nodes N — {a, d} corresponds to the partitions pj, u$, us, and
the set of nodes N — {b, ¢} corresponds to the partitions u§, ub, us.

In Lemma we compute the edge-weight of the base, double-dimer configuration on
(H(N),Nu(N)) = (H(N), Nyte s (V) — {0, b, ,d}). We can also apply Lemma 5.3.1] to
obtain the edge-weights of the base double-dimer configurations on (H(N), Nze e 5 (N)),
(H(N), N#IC,#367MS<N)_{a7 b}) = (H(N), Nul,MSC,M (N)), and (H(N), N#IC,MEC#S (N)—{c,d}) =
(H(N),Nyzre upu3(IN)). To do so, we simply modify the partitions in the lemma statement
appropriately.

For double-dimer configurations on H(N) with nodes N — {a, d} or N — {b, ¢}, more care
is required. This is because N —{a, d} # Nyr e . (N) and N —{b, c} # Nye i (N). In the
first case, N — {a,d} = N,(N) U {b, ¢}, so we have added b and ¢ (a blue node in sector 1
and a green node in sector 2) to the node set N,(/N). So, the unique planar pairing o,q on
N — {a, d} has one more blue-green path (going from a blue node in sector 1 to a green node
in sector 2) than ogp.q. We remark that it is no longer the case that all blue-green paths
begin and end in sector 3. Similarly, the pairing . has one more red-green and one more
red-blue path than o4, and one fewer blue-green path. We illustrate this with an example.

Example 4.5.2. Let N =5 and let py = (3,2), pe = (2,2), and uz = 0. Then the node sets
N —{a,b,¢,d}, N —{a,d}, and N — {b, ¢} are as shown below.

N
TN
TN
2\
TN

ANAVAVANAN
[ ) )
[/ /)
VAV
[ [ [T

ANAVAVANAN

When we add b and ¢, we have p] = (4) and p§ = (1,1, 1), as shown below. Note that the

double-dimer configuration shown has a blue-green path from sector 1 to sector 2.
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As illustrated in the example, when the node set is N — {a,d}, the base double-dimer
configuration arises from an AB configuration (A, B) (associated with partitions pf, u§, and
u3). But, as we can see from the presence of a blue-green path from sector 1 to sector 2,
this double-dimer configuration is not the result of the truncation procedure described in
Section , i.e., it is not equal to D4 p)(N). Instead, the tilings and corresponding dimer
configurations are shifted up by one unit prior to truncation. We will refer to this double-
dimer configuration as the base,, double-dimer configuration. We use the notation base,,
rather than base,r e .5, because base,r .c ., refers to a double-dimer configuration described
in Definition [4.4.23] which is truncated in the usual way.

Similarly, when the node set is N — {b, ¢}, the base double-dimer configuration arises from
an AB configuration (associated with partitions u§, x5, and p3). However, the tilings and
corresponding dimer configurations are shifted down by one unit prior to truncation. We
will refer to this double-dimer configuration as the basegy,,, double-dimer configuration.

Let ¢*» be the edge-weight of the base,, double-dimer configuration, and let ¢"’*»» be the
edge-weight of the basegy,, double-dimer configuration. We compute both of these quantities
in Section [5.3.1] (see Lemmas [5.3.3] and [5.3.4). Then let

ZCPD(H(N% Nyire uge s (N)) = q_wbase(uqc’ugc’%)zfp(H(N)7 Ny ze s (N)),
280 (H V), Ny (N) = 00299 200 (H(N). Ny oo (V).

ZZ!;D(H(N)7 Nﬂl,MSC,M (N)) = q_wbase(ﬂl7“20’“3)Z0_DabD(H(N)7 NM#EC,% (N)),
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225<H(N>7 Nufc,m,#s (N>> - q_wbaSE(MC7“2’#3)Z(TDCdD(H(N)a N/ﬁc,uz,us (N)),
ZDD(H(N)a Nu{ﬁu;ﬂm (N) - {a, d}) = q_wupzflf(H(N)7 Nu{cvusc,us (N) - {a’a d})v and

Oad

Zg,CD(H(N)a Nu"{ﬁu’éc,us(N) - {b, C}> = q*wdownZg)f’(H(N)7NMCMQC’HS(N) - {b, C})
Let

A - wbase(lijica 'u;c, M3) + wbase(,ula H2, ,U/3)7
B = Whase (Ml? ch, MS) + Wyase (cha M2, ,u?))) and
C = Wayp + Wdown -

From the condensation recurrence @ and the preceding remarks, we have

(7) ¢* ZPP(H(N), Nyge e s (N) ZEP (H(N), Ny iz (V)

Tabed
= qBZ;?f(H(N)v Nm,ugc,m (N))Z(idD(H<N)> Nu{c,m,ug(N))
+ qCZfl?(H(N), NMIC#SC#S(N) - {a, d})fo,f)(H(N% Nu{ﬁugﬂm (N) - {ba C})

From Lemma we see that A = B, and we multiply equation (7)) by ¢~*. In Section|5.3.2]
we show that C'— A = K, which does not depend on N. So, we can take N — oo, and each of
the Laurent series ZPP converges to an instance of W, with different partitions as parameters.
The convergence of ZPP(H(N), N e e s (N)) to W (i, ¢, 33 ¢~") follows from Theo-

rem4.4.24] By the same theorem, Z2P (H(N),N (N)) converges to W (puy, pa, p3; g 1),

~ Oabed ) K, 2,143 )

ng(H(N)v NM,MSC,M (N)) converges to W(,Ulfv, s 435 qil)v and fo(H(N% NM§C7M27M3 (N))

converges to W (ui®, pg, pis; ¢ ). For the term ZPP(H(N), Nre yre i, (N)—{a, d} ), we remark

that since we take N — o0, the fact that the tilings and corresponding dimer configurations

are shifted before truncation does not matter, and we get convergence to W (7, u$, pz; g~ ).

g similar argument implies convergence of Z2P (H(N), Nre e s (N)—{b, ¢}) to W (u§, pi5, pi3; g 7).
0, we get

W (36, 15, ps ¢ YW (b, pros pizs g7 1) = W, g%, pss ¢ YW (56, o, iz )
+ W, 1S, s YW (S, b s g ).

Substituting ¢ for ¢~! and multiplying by ¢*, we conclude that W satisfies equation , as
desired.

4.6. Example. We list all of the double-dimer configurations that correspond, via our maps,
to the examples in Example (the same example as that in [I1], Section 5.4], with the
same numbering). The double-dimer configurations corresponding to these configurations

appear in Figure [I4]

5. WEIGHTS

5.1. Modifying the partition p. In this section, we collect facts about partitions that we

will need to compute the DT and PT weights.
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Length (i) (i) ) Vi)

FIGURE 14. Double-dimer configurations corresponding to the labelled box
configurations in [I1l Section 5.4].

5.1.1. The diagonal of p.

Remark 5.1.1. Let d(u) denote the length of the diagonal of p. Then d(u) is the largest
integer ¢ such that u; > ¢. This is immediate from the observation that p; > ¢ if and only if
(i,7) is a cell in the Young diagram of p.

Remark 5.1.2. It is immediate from Remark|5.1.1|that fig()11 < d(p). For if pgy+1 > d(p),
then pg)+1 > d(p) + 1, contradicting that d(u) is the length of the diagonal.

In many of the computations we will make use of the fact that d(u) is the largest integer
1 with p; > i. We will sometimes also need to know the largest integer ¢ with p; > ¢ — 1.

Example 5.1.3. o If u = (4,4,4,3,1), then d(u) = 3 and the largest integer i with
pwi>i—1lisd,aspuyy=3>4—1landfori >4 pu; <puy=3<4<i—1
o If u=(8,8,7,5,3,2,1,1,1), then d(u) = 4 and 4 is the largest integer ¢ with p; > i—1,
since py =5 >4 —1landfori >4, pu; <pus=3<4<1—1.

The preceding example illustrates the following facts.

Lemma 5.1.4. Let ds() be the largest integer i such that p; > i — 1. There are two
possibilities: either ds(p) = d(p) or ds(p) = d(p) + 1.

Proof. Since p is a partition, u; —i+1 is a strictly decreasing sequence, so d(p) is equivalently
the unique integer ¢ such that p; > ¢ — 1 and g1 < 2. If g; > 4, then y; > i — 1, so
ds(p) > d(p). And since

d(p) +1>d(p) 2 pag+1 2 Hago+2 = Ha+1+1;
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so dg(p) < d(p) + 1. O
Lemma 5.1.5. Let p be a partition. Then
do(p) = d(p) +1 < pagy1 = d(p).

Proof. If pguy+1 = d(p) = (d(p) + 1) — 1, then dy(p) = d(p) + 1. If dg(n) = d(p) + 1, then
Ha(u)+1 > d(p). Since figy1 < d(p) + 1, we are done. O

Remark 5.1.6. By Lemmas [5.1.4] and [5.1.5]

ds(p) = d(p) < pagy+1 < d(p).

5.1.2. The partitions p" and pu°. To compute the weights in DT and PT, we will find it useful
to have explicit descriptions of p" and u€, where

e " is the partition associated to the charge —1 Maya diagram S(u) \ {minS™(u)},
and
e 1° is the partition associated to the charge 1 Maya diagram S(u) U {max S~ (u)}.
Additionally, ;"¢ denotes the partition associated to the Maya diagram (S(p)U{max S~ (u)})\
{min S*(p)}. Note that none of the partitions u", u¢, " are defined if ;1 = ), so in what
follows, when we refer to any of these partitions, we implicitly assume that p # 0.

Remark 5.1.7. We will use the following expressions for the charge 0 Maya diagrams of p"
and p°.

e 1" has charge 0 Maya diagram S(u") = {s+1:s € S(u) \ {min S*(x)}}

e 1 has charge 0 Maya diagram S(u¢) = {s —1:s € S(u) U{maxS~(u)}}

Example 5.1.8. Let = (4,4,4,3,1). Then S(p) ={%,%, 3, -1 -1 1 1 1}

2) 20 2y 9T T

e Since min S™(u) = %, 1" has charge —1 Maya diagram {%, g,—%,—%,—%,—%,...}
and charge 0 Maya diagram {%, %, %, —g, —%, —%, .

113
R

e Since max S~ (u) = —%, 1€ has charge 1 Maya diagram {%, g %, -3 —%, —%, -,

and charge 0 Maya diagram {2,231 -3 2 9 13 ' 15" 1

2020277 20 207 2 2y S

|

We begin with an explicit description of " and a few facts that follow from this description.

Lemma 5.1.9. Let p be a partition. Then

= pi+1ifi < d(p)
' piv1 if i > d(p).

That is, we obtain p" from p by removing fiqy and adding 1 to the jth part of the partition

for all j < d(p).

Proof. For convenience, we write S := S(u). By definition, p" is the partition associated to
the charge —1 Maya diagram S\ {min S}, i.e., S(¢") = {s+1:s € S\ {min S*}}. Observe
that min S* is the least half integer p; — ¢ + % such that p; —t + % > 0. Equivalently, it is
the least half integer u; — t + % such that p, > ¢, i.e., min ST = g,y — d(p) + % So,

S\{minsﬂz{ut—w%:1§t<d(u)}u{ut—t+%:d(u)<t}

1

1



and

1 1
S(ur):{Mt+1—t+§:1§t<d(u)}u{ut+1—t+§;d(ﬂ)gt}

1 1
:{u;—t+§:1§t<d(u)}u{p§—t+§;d(ﬂ)gt}_
This shows that pj = pu, + 1 for t < d(p) and pf = pyyq for ¢ > d(p). ]

Example 5.1.10.
o Let = (4,4,4,3,1). Then d(u) = 3 and piq) = 4. So p" = (5,5,3,1).
o Let n=(8,8,7,5,3,2,1,1,1). Thend(n) =4 and pgy) = 5. Sop” =(9,9,8,3,2,1,1,1).
Remark 5.1.11. The following observations are immediate consequences of Lemma [5.1.9]
o 1] = [ul +d(p) =1 = pagy < |pl +d(p) =1 —d(p) = |p| 1
o d(p)—1<d(u") <d(u), since by the construction of u", if (i,4) is a cell in the Young
diagram of p and i < d(u), it is a cell in the Young diagram of pu'.
® [lyu+1 = [, and therefore pqg)1 = d(p) if and only if Mgy = d(p). Also,
fag+1 < d(p) if and only if pg ) < d(p).
Remark 5.1.12. {(p") = f(u) — 1
Lemma 5.1.13. For any partition p, d(u") = d(p) if and only if pragy+1 = d(p).

Proof. First assume that d(u") = d(u). We see that
Hd(u)+1 = Hage) = Haqery = (") = d(p)

and since (1 < d(p), pagy+r = d(p).
Now suppose pg(u)+1 = d(pt). This means that ug ) = d(p), so (d(p), d(p)) is a cell in the
Young diagram of p,., so d(u") > d(u). By Remark [5.1.11} d(p") = d(p). O

Lemma 5.1.14. For any partition pu, d(p”) = d(p) — 1 if and only if pragy+1 < d(p).

Proof. 1f d(pu") = d(p) — 1, (d(p), d(pt)) is not a cell in the Young diagram of ", so ug ) <

d(p). Since fig,y = pia(uy+1 by Remark 5.1.11} this shows that pa(u)11 < d(p).

If praguy+1 < d(pe), (d(p),d(p)) is not a cell in the Young diagram of x". However, (d(u) —
1,d(p) — 1) is a cell in the Young diagram of u", by construction. So d(p") =d(u) —1. O

Example 5.1.15. Continuing Example [5.1.10] when p = (4,4,4,3,1), d(u) = 3, and
Ha(+1 = d(p). As expected, p” = (5,5,3,1) has d(p") = 3.

When p = (8,8,7,5,3,2,1,1,1), d(p) = 4 and pgpy+1 < d(p). As expected, p" =
(9,9,8,3,2,1,1,1) has d(u") = 3.

Lemma 5.1.16. If there exists a positive integer i such that ] > i+ 1, then the largest such
integer is d(u) — 1. In other words, the set of positive integers i satisfying u; > i+ 1 is equal
to the set of positive integers i satisfying i < d(u) — 1.

Proof. Since p" is a partition, the sequence u] — i — 1 is strictly decreasing, so it suffices
to show that d(u) —1 >0, p,) , > d(p) and pg,, < d(p) + 1. Assuming there exists a
positive integer ¢ such that ] > ¢+ 1, we must have pf > 1+ 1 = 2. Thus, by Lemma [5.1.9|
if d(u) = 1, then ps > 2, so d(u) > 2. By contradiction, d(u) > 1. Also, by Lemma [5.1.9]

MQ(M)_l = figy—1 +1 > d(p) + 1> d(p). And MQ(M) = fa(uy+1 < d(p) < d(p) + 1. O
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Next we will give an explicit description of u°.

Lemma 5.1.17. Let p be a partition. Let iy be the largest integer i with p; > d(p). Then

pi —1 if 1 <ig
pe=Ldu) —1 ifi=ig+1
i1 Zf2>2d+1

That is, to construct u° we first add a part of size d(u) — 1 to p to obtain fi. Then uc is the
partition obtained from [i by subtracting 1 from each part fi; such that p; > d(p).

Proof. Let S be the Maya diagram of u. By definition, u¢ is the partition associated to the
charge 1 Maya diagram S U {maxS~}, i.e., S(u) ={s—1:s¢€ S U {max S~ }}. Note that
max S~ is the greatest half integer h < 0 such that h # py —t + 3 Lfor all t > 1. We claim

that
max S~ =d(u) —ig — %

In the case that iq = d(p), suppose —3 = p —t + 5 for some ¢ > 1. Then p, =t — 1,
so t > d(u) = ig, which means that d(u) >y =t —1 > i3 —1 = d(u) — 1. This is a
contradiction. Therefore, max S~ = —1 = d(u) — iq — 3, as claimed.

Otherwise, iy > d(p). In this case, for all d(pn) < t < ig, we have d(pn) < pi, < pr <
fauy+1 < d(p)+1, 50 piy = d(). Then Mt—t+% = d(u)—t—i—%, SO —%a _%a e »d(/ﬁ)—id-f—% €S
and we deduce that max S~ < d(u) —iq — 3 < 0. On the other hand, pi,41 — (ig+1) + 3 =
Mig+1 — td — % < d(p) —ig— % Since the sequence ,ut —t —|— = is strictly decreasing, this implies
that d(p) —ia — 5 € S, so max S~ > d(p) — ia — 3 Then max S~ = d(p) — iq — 3, proving
the claim.

;_n

So,
_ 1 , , 1
SU{maxS™} = {ut—t—|—§:1§t§zd}u{d(u)—(zd+1)+§}
1
U{Mt—t+§lld<t}
1 . . 1
= {,ut—t—l—§:1§t§@d}u{d(u)—(zd+1)+§}
3 .
U{Mt—1—t—|—ézld+1<t}
and

1 1
S(uc) = {,ut—l—t—i—§:1StSid}U{d(M)_1_<id+1)+§}
1 .
U{#t 1—t+§ Zd+1<t}

, 1

1
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This shows that pf = p, — 1 for t <iig, pf,,, = d(p) — 1, and pf = py—y for t >ig+1. O
Example 5.1.18. o If = (1), then d(p) =1 and 74 = 1, so u° = .

o If p=1(2),d(n) =1and ig =1, s0 u° = (1).

o If = (4,4,3,2), d(n) =3 and ig = 3, so u® = (3,3,2,2,2).

o If = (4,4,4,3,1), d(n) = 3 and zd—4. We get u¢ = (3,3,3,2,2,1).
o If n=1(7,7,6, 1) d(p) =3 and ig = 3, so pu¢ = (6,6,5,2,1).

Remark 5.1.19.

o If d(p) > 1, then £(uf) = £(u) + 1
o Ifd(p)=1and g > 1, 0(u°) = 1.
o Ifd(p)=1and uy =1, ¢(u°) = 0.

Remark 5.1.20. Let iq be the largest integer with p; > d(p). Then iq = i,

Remark 5.1.21. By L'em.ma 5.1.17, pug, ., = d(p) — 1. Because if iq = d(u), then pg,\,, =
15,1 = d(p) — 1. And if ig > d(p), then a1 = d(p), so pg ., = d(p) — 1.

Remark 5.1.22. We note that ) = d(u)—1if and only if pa(.) = d(p). Also, d(p°) = d(n)
if and only if jig(y > d(p), and d(p) = d(p) — 1 if and only if pig) = d(p).
Lemma 5.1.23. Let ds(pu°) be the maximum positive integer i such that u$ > i — 1. Then

ds(p®) = d(p). In other words, the set of positive integers i satisfying pu$ > @ — 1 is equal to
the set of positive integers i satisfying i < d(u).

Proof. Since u¢ is a partition, the sequence pf — i + 1 is strictly decreasing, so it suffices to

show that i, > d(p) —1 and gy, < d(p). By Lemmal5.1.17, ug ) = pagy —1 > d(p) —
and 5, = d(p) — 1 <d(p). O

We will also take advantage of the following relationship between p¢ and p”.

Lemma 5.1.24. Let p be a partition.
(1) (1) = ()", and
(2) (u")" = ()"
The expression (2) follows from (1) by substituting y' for pu. Before we proceed to the
proof, we make a useful observation.

Lemma 5.1.25. Let p be a partition.
(1) ST(') = =5~ (n), and
(2) S7(W) = =5 ().
Proof. Let L, be the contour of p, which is obtained from the Maya diagram of ;. by placing

a line segment of slope —1 where there is a hole and a line segment of slope 1 where there is
a bead (this is standard, see for instance [I3]). Then the claim follows from the observation

that we obtain g’ from p by reflecting L, across the line x = 0. U
Example 5.1.26. Let ,u (6,6,5,5,5,3,1). Then

( ) { 5 2 7_37_%7_%7_§7"'}7
)9
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We see that max S~ (u) = —%. Noting that u¢ = (5,5,4,4,4,4,3,1), we see that
s - (0731 13 T 11 1
/"L - 27272’27 27 27 2’ 27 27 2""
= {s—1:s5€ S(p)U{maxS~(u)}}.

56 ={5 535 = {5~ tse st {5} ]
S7) = {555 g | = o= 1€ ST\ fmaxs ().

We next note that (u°)’ = (8,7,7,6,2),

ST = {5553 b =5 = s+ Lis € 5700\ fmax (), and

. 13 7 9 . 1
yy=4-= 2 L 2L gy = 511 + L
ST((1°)) { 5 T Ty 2} ST (k) { s+l:sef (u)\{2}}
Since u = (6,6,5,5,5,3,1), ' =(7,6,6,5,5,2). So

, 139731 _
S+(u)={7,§,§,§,§}:—5 (u) and

S(1) = {‘%"é 53 _E} = 5.

2727 927 9
Then
S () = {? ne 2} — {s41:seSH)\ {min St ()}
(s 1:ise—5()\ fmin(—S~(u)}}
= {-s+1:s€5 (u)\{maxS (u)}}
and

SN ={g5 g3} = {Priees e

_ {s+1;se—5+(ﬂ)\{—%
= {osrisestwn {3}

Proof of Lemma[5.1.2]] We break into cases based on whether % €S.
First suppose £ € S. By Remark

s7) = {s - Lise st {5 ]}, ana

ST()={s—1:s Eg’(u) \ {max 5™ (p)} -



Note that in the expression for S~ (u) we used the fact that 1 € S, so —1 is in S(u°) =
{s—1:s€S(pu)U{maxS~(u)}} and therefore not in S~ (u°). Now we see that

ST ((u))==5"(1) = {—s+1:s€S5 (1) \{maxS (u)}}
= {s+1:s€ =5 () \ {min(-5"())}}
{s+1:s5€S7(u)\ {minS*(1)}} = ST((1)").
Similarly,

S () = -57w) = {~s+1isesn {5}

1
= {3+ 1:se—=S%(u)\ {—5}}
— / 1 — nr
= fsrrsesun -5 =swn,
Next we assume % ¢ S. As in the first case, we start by noting that

Stp)={s—1:5€S5"(w)}, and

S () = {5 — 115 € S~() \ {max S~ (u)}} U {—%} .

Note that in the expression for S~ (u¢) we used the fact that 5 ¢ S, so —3 is not in S(u°) =

{s—1:s€ 5(u)U{max S~ (u)}} and therefore is in S~ (1¢). As in the first case, we proceed
by observing that

SH()) = S~ () = {—s+1:ses<u>\{maxs<u>}}u{§}
— {s41:s€—5(u)\ fmin(=S~(u)}} U {%}

/ ; / 1 nr

= {5+ 1is e S0\ fmins™ @) U {5 b =57

Similarly,
ST(()) = —SH(u) = {—s+1:s€ 50}
= {sHlise—STh={s+1:s€5 (1)} =S ((W)).
U
Remark 5.1.27. By Remark [5.1.11] |u"| = |u| — ) + d(p) — 1. By Lemma [5.1.24]
L= 1D T = 1" = 1] = pagey + d(0) = 1= [pl = gy + d(p) — 1.

5.1.3. The partition ™.

Remark 5.1.28. Let p be a partition. Then p™ is the partition obtained by removing the
hook of (d(u),d(n)) from p.
Lemma 5.1.29.

"] = || + ] = "] = —1
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Proof. By Remark [5.1.27],
€] =[] = [l = gy +d(p) — 1 — || + hu(d(p), d(p)) = pagey — d(p),
where the last equality follows from the fact that
fa(u) + Hagy — 1 = hu(d(p), d(p)) +2(d(p) — 1).
Combining this with Remark [5.1.11} we have
| = lpl 4 ] = [ = =1
O

Remark 5.1.30. Since the hook of (d(u),d(p)) in u is the same as the hook of (d(p'),d(i'))
in g/, ()" = (u)"
Remark 5.1.31. Let i4 be the largest integer i with p; > d(p). Then it follows from
Remark [5.1.28 that

i if i <d(p)
pi©=qdp) =1 ifd(p) <i<iq
1 if i > ig.

Remark 5.1.32. It is immediate from Remark |5.1.28| that d(u™) = d(u) — 1. Therefore by
Remark [5.1.22} d(p™) = d(p°) if and only if jig¢,) = d(p) and d(p"¢) = d(p®) — 1 if and only
if fuaguy > d(p).
Lemma 5.1.33.
o JHEH1 i < d(ure)

CT e i )
Proof. If i < d(u"¢) =d(p) — 1, then pl® = p; and p$§ = p; — 1, since i < i4.

Ifi > d(p™¢) = d(u)—1, then we consider two cases. If d(u) < i < ig, then ¢ =d(p)—1 =
pipy- o >ig, then ¢ + 1> i+ 1, s0 pi® = p; = pig 4. O

Lemma 5.1.34. o d(p) > 1 if and only if £(u™) = L(n), and
o d(p) =1 if and only if {(u™) = 0.

Proof. This is immediate by the construction of ™ from pu. 0

Corollary 5.1.35. Ifd(p) > 1 ord(p) =1 and py > 1, then £(p"¢) = £(p®) — 1. Ifd(p) =1
and py =1, L(p"¢) = £(pc) = 0.

5.2. DT weights. In this section we compute the constants A, B, and C' from equation
in Section [3.3l To that end, in Section [5.2.1] we compute the weights of the minimal dimer
configurations of the graphs

G = H(Na M;CJM£C7M3)7 G — {(l, bv ¢, d} = H(N;M17M27M3)7
G— {aa b} = H(N;,ulaugca,u?r)a G — {Ca d} = H<N;M567M27M3),
G- {a7 d} = H(Na cha Mgcal’LS) - {CL, d}v G- {ba C} = H(N7 M;aﬂga 1“3) - {b’ C}.

As in previous sections, we assume N > M. The remaining work is to compute C' — A; this

is done in Section [5.2.2]
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5.2.1. Weight of minimal configuration. We weight the edges of H(N) so that the weight of
the horizontal edges on a diagonal is ¢ times the weight of the horizontal edges on the previous
diagonal, moving from right to left (see Definition . Recall the correspondence between
dimer configurations of H(/N) and plane partitions described in Section . With the chosen
edge weights, when a box is added to a plane partition, the weight of the corresponding
dimer configuration increases by a factor of ¢. So, the minimal dimer configuration of H(N)
corresponds to the empty plane partition and has weight ¢ ®~1/2, This expression is
simply the product of the weights of the N? horizontal dimers that make up the “floor” of
the empty plane partition.

Now observe that the minimal dimer configuration of H(N;uq, o, t3) differs from the
dimer configuration corresponding to a plane partition (1, pa, p3) (with N(|u1] + |pe| +
|pes|) — 1| —2|II| boxes) only near the boundary of H (V). The minimal dimer configuration of
H(Nj; pq, p2, p3) has extra horizontal dimers in sector 1 and sector 2, and has fewer horizontal
dimers in sector 3.

Specifically, in sector 1, if (u4}); > ¢, the ith part of ) contributes ¢ — 1 horizontal dimers
of weight ¢V +#1)i=i If (u}); < i, the ith part of 1} contributes (u}); horizontal dimers of
weight ¢Vt(#)i=i Therefore, in sector 1 the weight of the minimal dimer configuration of
H(Nj; pq, pa, p3) differs from that of the dimer configuration corresponding to 7(uy, o, 113)

by a factor of
H q(ifl)(NJr(ui)i*i) H q(#'l)i(NJr(m)%i).

() >i>1 (1) )i <i<€(u1))
In sector 2, if (u2); > i, the ith part of us contributes ¢ — 1 horizontal dimers with weights
q2)imitl glue)imit2 0 p(k2)i=1 - The total weight of these dimers is

i—1
H Hq(NQ)i_i+j — H q(i—l)((uz)i—i)q(i—l)i/2 — H q(i_l)((ﬂ2)i_i/2)‘

i:(p2)i >i>1 j=1 i(p2); >i>1 i(j2); >i>1

If (112); < i, the ith part of py contributes (us); horizontal dimers with weights ¢°, ¢!, .. ., g#2)i~1,
The total weight of these dimers is

(p2)i—1
H H qj — H q((#2)i*1)(ﬂ2)i/2'
ir(p2)i<i<l(pz) J=0 ir(p2)i <i<l(p2)

In sector 3, the dimers in the dimer configuration corresponding to (1, i2, p3) that are
not in the minimal dimer configuration of H (N u1, pe, p13) have weight

£(p3)
q(QN*i)(Hs)i.

i=1
Since the dimer configuration corresponding to the plane partition 7 (1, pi2, i3) has weight
gV O =1)/24N (jpalHpa [+ ls) =021 o combine these remarks to arrive at the following.

Lemma 5.2.1. The weight of the minimal dimer configuration of H(N; i1, pa, pi3) is g min(#112:83) —
qmmin (/‘1 7//'27“'3)7'[](“1 7/1'27/1'3”72“[[(“1 7”’2».“3)| , where

NQ N— 1 Z(HS) ‘
M= Nl il + al) + D (-2 ) ),

=1

@min(ﬂl, M2, H3) =
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+ Y =DV + Y ()N + ()i — )

F1<i<(u)); ()i <i<h((1)))

+ Z (i—1) <(M2)i - %) + Z ((12); — 1) (M22)z

i1<i< (u2); i:(2) i <i<O(p2)

Lemma [5.2.1] is sufficient to analyze the first four factors in the condensation recurrence
. For the remaining two factors, more work is needed, since they are associated with Maya
diagrams of nonzero charge. However, we omit the proofs of the necessary lemmas, because
they are very similar to that of Lemma [5.2.1]

Lemma 5.2. 2 The weight of the minimal dimer configuration of H(N; ), us¢, ns) —{a, d}
78 q min — q tin — | LI(0T 15 3 ) | = 2| LTI 5, p13) | , where

£(p3)
. N(N? 42N — 1 |
i, = M DV 4 1) (4 L)+ N+ OV — ) sl + 3 (2 )

i=1

2
) =2V () (- 1)

1:1<i<(p)s+1

+ > ()i (N + ()i = (i = 1))

i ()1 <i<((py)")

+ Y (-2 ((ué)z - 2;1) +y (”g)i((’f)i mtl}
i)

i1 <i<(pg)i+1 1§)i+1<i<O(us)

Lemma 5. 2 3 The weight of the minimal dimer configuration of H(N; ut¢, us¢, us) — {b, c}
'LS q mm pr— q mm |I[(/L1,M2,,u3)‘ 2|[II(M17M27M3)|7 wher@

20T £(ps3)
i = 2 (0 1) D+ OF 1)l (2N )
+ Z i(N + ()i —i—1) + Z (9)i(N + ()i —i—1)

i1<i<(u) (S < <E((u5))

N ; (%)i =

i1<i< ()i i:(up)s <i<L(u)

5.2.2. Algebraic simplification. Since A = Wyin (11, fi2, 143) + Wiin (176, p5¢, 13) and
B = Wyin (15, ph2, p13) + Winin (101, 58, 13), we see that A = B. In addition, C' = &%, + w?, .
To compute C' — A, we split the algebra into two pieces: we first simplify the summands
involving N, and next simplify the summands that do not involve N.
By Lemma [5.2.1] the terms in A that involve N are

L(ps)
N*(N = 1)+ N(lpua] + |15l + [l + 15+ 2lps]) +2 D (=2N +0)(11s)s
i=1
+ > N(i-1)+ > N+ Y. N(-1)
i1 <i<(m); i:(p)§<i<€((p1)") i1<i<(ure),

62



+ > N

i:(p7°); <i<e((u7®)’)
Since A; > i precisely when i < d()\), we can write

S - 1) = YO -

e 2
1:1<i<\;
So, the above can be written as
£(p3)
(8) N*(N = 1)+ N(Jpua] + |5+ |l + 5]+ 20s]) +2) 0 (=2N + i) (us)s
i=1
Nd M/ d ILL, _ 1 Nd MTC / d ILL'I'C / _ 1
VAR = g NS =

drd(py ) +1<i<l(py)
+N > (11°);-
ixd((py®) ) +1<i<e((1g)")
Now we consider the terms in C' that involve N. By Lemmas [5.2.2f and [5.2.3] those terms
are

£(p3)
N(N? 42N —1) ) |
5 + N (] + 5]+ lis)) + N +2 ) (=2N + ) (us)s
=1
: N —1)*(N -2
¥ Ni-9+ Y Ny )
i1<i<(py)j+1 i (up )| H1<i<O((ur)")
+ N (s + sl + s+ D> Ni+ > NS
:1<i<(u9); i (u$)s <i<e((us)’)

As above, we can write

5 Vi SR N () + 1)

S ° 2
1:1<< ()] i
Recall from Lemmal5.1.4]that d,((1})) denotes the largest integer i such that i < (uf);+1.
There are two possibilities, either d; := ds((u])’) is equal to d := d((u})'), or ds = d + 1.
First assume that d; = d. Then we have
o N Z (Z _ 2) =N Z (Z _ 2) =N ((d((uf)’)*2)2(d((u§)’)*1) - 1)7 and
i1<i<(uy)+1 i1 <i<d((ph))
o« N 2 ()i =N 2 (1);-
i) LIS ((15)) () ) <T<e((5))
If instead dy = d + 1, then

N oY (i=2=N| > (i-2)+d(m))-1
1<i<(py)j+1 1<i<d((p7)")
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Since (H’q)fj(u{)-i-l = d((ﬂg),) by Lemma W7

N Y, (i-2)+ > (k)i

1< (py)j+1 i:(ph)iH1<i<e((py)")

- N ST -2 +dl(uh)) —1+ > (11);

al<i<d((pg)") id((u]))+1<i<e((1y)")
= N[ D> G=2-1+ > ()
Elsisd((u)") sd(u)) <i<e((ug)")

So the terms in C that involve N can be written as
L(p3)
(9)  N*(N =1)+3N — 1+ N (|| + ||+ || + |ps] + 2 |us]) +2 ) (—2N + i) ()
i=1
d((u)) = 2)(d((ur)) —1
N [y BN DA D
id((py)")<i<e((u)’)
Nd((p5))(d((p5)") +1) ey
+ : +N > ()

a:(pf);<i<L((ng)")
Before we subtract the terms in A that involve N from the terms in C' that involve N, we
make some remarks which will help us simplify the following sums:

N> N > (11)3

i:(u§);<i<l((u§)") ixd((uh))<i<e((uh)")
N> (e and N > (11°);-
td(ph)+1<i<l(ph) G:d((Te))+1<i<l((uhe))

Remark 5.2.4. Let
= > wm— Y,
drd(p) <i<€(n) drd(pm)<i<l(pr)

There are two cases to consider. If d(u) = d(p"), then by Lemma [5.1.13} ftq()4+1 = d(jt). So,
applying Lemma [5.1.9]

e"(n) = Z Hi — Z Hit1

ixd(p) <i<é(p) d:d(p) <i<e(ur)
= Z Mi — Z Hi = Hd(p)+1 = d(p)-
d:d(p)<i<l(p) i:d(p)+1<i<(u")+1

If instead d(p") = d(u) — 1, then

e'(p) = Z i — Z pi+1 = 0.

drd(p) <i<é(p) d:d(p) —1<i<é(um)
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We have shown

0 otherwise.

) = {d(u) if d(p) = d(1")

Remark 5.2.5. Let
= > =Y
Pd(u)<i<l(ue) (o) <i<e(ur)

As in the previous remark, we split into cases based on whether d(u®) = d(u") or d(u®) =
d(p"¢) + 1. Applying Lemma [5.1.33] we get

erc(#) — {Md(uc)_u if d(:u ) = d(:u )

0 otherwise.

By Remarks [5.1.32 and [5.1.22} if d(p€) = d(p"), then pg o\ = d(p) — 1, so

(1) = {g(u) —1 ifd(p°) = d(p™)

otherwise.

Remark 5.2.6. We note that
d((pi) ) (d((ps)) + 1) d(pi)(d(m) —1) {d(u’l) if d((pg)") = d(uy)
2

2 0 otherwise.

So, applying Remark [5.2.4] and using the fact that (u$)’ = (u})", we have

d((p))(d((p1)) +1) _ dp)(d(m) =1)
2 2

Remark 5.2.7. Note that
(d((p)) = 2)(d(()) = 1) d((ue))(d((pre)) = 1)
2 2
_ {—(d((ui)’) —1) i d((1)) = d((5°))
0

otherwise.

When d((17)") = d((p1°)'), —(d((p )) 1) = —(d(py) = 2). Also, the condition d((u1)") =

d((p1©)) is equivalent to ds((pf)’) = d((u})")+1. This is because dj (( 1)) =d((uh)")+1if and

only if d(y)) = d((1;)")+1 (by Lemma5.1.23)) which holds if and only if d(u}) —1 = d((u})"),

Zlvhicl;(i(s e;l;livilent to d((u))™) = ((,u{) ). So, by Remark [5.2.5] if dy := dy((1])’) and
= d((pu])"), then

(d((1)) = 2)(d((p1)) =) _ d((p))d((p1)) = 1)
2 2

Now we subtract the terms in A that involve N (see equation (8)) from the terms in C
that involve N (see equation (9)). Each term that cancels with another term is marked with
c. Each term that is modified between one side of an equation and the other is underlined

and the relevant lemma or remark is indicated.
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£(p3)
A = 1) 438 — L 8 4 ]+ ]+ 1051+ 2] ) +2 ) (28 + )
—_—— ——

i=1
(1ot GO DN D
g((ui)’)<i§€((u§)’)
Lemma 12
c\/ c\/
RUCTTIESTN
(uii<ist((uws))
Lemma B121

L(p3)
- (NQ(N ~1) +N(Im| 1)+ L + 5] + 2|u3|) +2) (2N +i)(ps)i
=1

¢ C (. /

d(py)(d(py) — 1) ,, A((pr))(d((pi)) — 1)
: N< 2 : i:d(u’l)éiﬁf(#’l)(ul)i " 2

T 3 (uﬁé))
w:d((p]e))+1<i<e((uie))

_ 3N—1+N(\u7{|—|u1!+|ui\—Iu’{cl+|u§|—Iu2|+|u§|—|u§cl)

Lemm;r
d T\ __ 2 d \/\ __ 1
+N(_1_1dsﬁ+< ) =2EGN=D
g((#i)°)<i§f((ﬂi)c)
Rema;ﬂm
d c\/ d c\/ + 1 d / d /! _ 1
4 ((u9))( (2(,“1)) )+ Z (,)F — (1)( (2N1) )
fl((u’l)r)@éf((u'l)r)
Rema;lzm
d((p1%))(d((p79)) — 1)
/ 1 1 I \rc
T ‘ (1) — 9 - Z (k1)
gd(ug)qgaug) . i:d((u’l)”)@ﬁf((u’l)”) )
Rema;ﬁm Rema;l:m

= 3N—1-2N—N—N-Tauy,
N N( d((p9))d((e)) + 1) dp)dy) —1) ()

2 2
Rema?lz G246

(.
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+ () +

(d((p1)') = 2)(d((p1)) = 1) _ d((pi*)) (1)) — 1) ) _ 1
2 2
Rema;im

We have thus shown that the terms involving N simplify to —1.
Now we consider the terms that do not involve N. In A, we have

BGIIAEDRIED DR CA T D S EEI] (S

1<i<d(p1) d(p1)<i<e(p) 1<i<d(p2)

T N (775 M VL LN o TR )

d(p2)<i<l(p2) 1<i<d(ur)

rc rc N N rc Z.
D SIS (L U D DI (TS
d(pTe)<i<e((u7e)’) 1<i<d(p5°)

re (:urc)i
LD DERN(SIESIEC S5
d(p5®) <i<(u5)

We remark that in Lemma [5.2.1] the first sum is over ¢ such that 1 < < (u});, but this is
equivalent to writing 1 <1 < d(u;). We have made similar replacements in the other sums.
In C, we have

(10)  |il =+ sl = las| = |§| = |+ lmal = Y (= 2)((uh)i = (i = 1))

1< < ()41

S S A ) ES u—z)((u;x—ij)

a:(p);H1<a<l((1])") i1<i< (u)i+1
—1
4 Z (/~L2> (( + Z 1)
i ()i 1<i<O(S) 1<i<d(p$)
c c . . r Z—f-]_
S S (TR S z(mz)i— )
d(pf)<i<e((n$)") 1<i<d(up)
(15)i((py)i — 1)
+ Z 5 .
d(ps)<i<t(uf)

Like we did for A, we replaced 7 : 1 < ¢ < (p$)} in the fifth sum with 1 < i < d(u§), and
similarly for the sixth, seventh, and eighth sums.

Remark 5.2.8. As in Remark [5.1.4] we let d(u) be the maximum positive integer i such
that ¢ < p; + 1. Then we can write the first four sums in equation (10)) as

Yo (=2 -G =)+ > ()i ((1); = (i = 1))

1<i<ds((1])") ds (1)) <i<e((7)")

1 —1 5)i((us): — 1
S Z_Q( o\, 2>+d(z )= 1)

1<i<ds(p$) ps)<i<l(u$§)
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Recall from Lemma that for any partition pu, either dy(pu) = d(u) or ds(p) = d(p) + 1.
If ds((p])) = d((p)') (resp. ds(us) = d(us)), then we can replace every instance of dg((u})’)
(resp. ds(u$)) in the sums above with d(u}]) (resp. d(u)). Otherwise, we can use the fact
that by Lemma [5.1.5 di(p) = d(p) + 1 if and only if yig()41 = d(u) to see that when

ds((11)") = d((p7)") + 1,

Yo =2 (- 1))

1<i<ds((11)")

= Yoo =2 (- 1)

1<i<d((p5)")+1

= > =2 = = 1)+ (@((u5)) = 1) (@((1)) = dl(p1)")

1<i<d((p1)")

= Y G~ = D)+ Gy Dy — (@) +1 - 1)

1<i<d((py)")

and when d,(us) = d(us) + 1,

> -2 (- 5)
1

1<i<dy(ug)

- > -2 (wn- )

1<i<d(pg)+1

= > (=2 <(u§)i—i;1)+(d(ug)_1) %)

1<i<d(g)

d
= > (i-2 <(u§)i _ 2;1) n (M§>d<u5)+1((l;§)d<ug>+1 — 1)_

1<i<d(us)
Therefore, we can write

Y. (=2~ G —1)+ > (u)i((u); = (1= 1))

1<i<d, ((u])") ds (1)) <i<A((u7)")

1 —1 5)i((pns) —1
S 1_2( . 2>+d(2 =)

1<i<ds(us) s (18)<i<Ll(ps)

= > G- G-+ Y e - - 1)

1<i<d((uh)) d((u]))<i<e((py)’)
i—1 (15)i((p5)i — 1)
+ Y (-2 < - )+ Z ; :
1<i<d(u§) d(ps)<i<e(us)

When we subtract the sums in A from the sums in C, we will pair each sum in A with a
sum in C'. Many terms cancel, but this is not obvious and requires the following lemmas.
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Lemma 5.2.9.
Yo G- G- = > () — i) =0
d((p7))<i<e((uy)") d(ure)<i<e((ure)")
Proof. Recall from Lemma [5.1.24] that (u])" = (u})°. Then we can rewrite the difference of
sums as

S () = (- 1) - > (47 ()€ — ).
d((py)°)<i<e((py)°) d((uh)re)<i<e((u})re)

There are two cases to consider. For readability, we put A := p}. First assume that d(\™¢) =
d(A°). Then by Lemma [5.1.33] we have

SN G- > NN

d(Ae)<i<L(A) d(Are)<i<l(Are)

= P HOVE (RS ) E WP VI CYFEE)
d(Ae)<i<l(re) d(Ae)<i<e(Ae)

= XN - (i-1) - > N = (i—1))=0.
d(Ae)<i<l(re) d(A)+1<i<l(ATe)+1

In the final step we used Corollary [5.1.35[ and the fact that

which follows from Lemma [5.1.17/ and Remark [5.1.32] Next assume that d(\™¢) = d(\°) — 1.
Then

SN -G-1)— > AN —)

d(xe)<i<l(\e) d(\re)<i<e(Are)

= XN - (i-1) - > A1 (A — 1)
d(xe)<i<l(\e) d(Ae)—1<i<e(Are)

= XN - (i-1) - > N = (i—1))=0.
d(xe)<i<l(\e) d(Ae)<i<O(ATe)+1

Lemma 5.2.10.

Yo E=(u)i-G=1))= Y = D)~ 1)

1<i<d((p5)") 1<i<d(py°)
- Z( )(u’i)é +1—i if (1) agun) = d(p)
_ 1<i<d(ure
(d(py) = 2 () ggury + 1 —d(pi)) — > (u)i+1—1i otherwise
1<i<d(pg°)

Proof. To prove the claim we begin similarly to Lemma using the fact that (u}) =
(ph)e. Letting A = g}, we split into cases based on whether d(A\"¢) = d(X\°), or d(\™) =
d(A°) — 1, and apply Lemma [5.1.33] In the case where d(A\"™) = d(\°),

D, (=2 —G-1)— D> =D —4)

1<i<d(\e) 1<i<d(Are)
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= > (=D -G-1))— Y (DN +1-i)— Y (A—(i-1)

1<i<d()e) 1<i<d(\e) 1<i<d(\e)
S Y k-G
1<i<d(\e)
The case where d(\¢) = d(A°) — 1 is similar. Finally, we note that d(A"™¢) = d(\) — 1 if and
only if Mgy > d(A) by Remark |5.1.32 O

Lemma 5.2.11.

Yooiw)i—i=n = > =)~ )

1<i<d(p$) 1<i<d(p1)
1<‘Zd( )((:ull)i — 1) = (d(p1) = D((11)agu) — d(ph)) —d(pa)  of (11)agu)+1 = d(p)
- KZ;( )((:U’ll)i — 1) = (d(py) = D((11)agur) — A1) otherwise

Proof. We use the fact that (u$) = (¢} ) , and then we split into cases based on whether
d((11)") = d(my) or d((//l)”) = ( - L ((N/1>T> = d(py), then by Lemmalp.1.9) we have

S ii-i-D- 5 G0

1<i<d(u$) 1<i<d(

= ) i) —i-1) - (z’ — D((p1)i — 1)
1<i<d(p1) 1<i<d(p1)

= > i) — 1)+ dp) () — d(m) = 1) = > (= 1)((h)i — )
1<i<d(p1) 1<i<d(p1)

= ) ()i =)+ d) () agu+r — () — 1) = () = D) agury — dl1sh)).
1<i<d(p)

By Lemma [p.1.13] since d((11)") = d(11), (1) agu)+1 = d(11y), so

d(pen) (1) aguy+1 — d(pa) — 1) = —d(pa).
The computation in the case where d((u})") = d(p}) — 1 is very similar. 0
Lemma 5.2.12.

S Wi =i =)= > (u)al(h)i —4)

d(p§)<i<e((ug)") d(pr)<i<e(uh)

_ {d(ul) if (1))t = i)

0 otherwise

Proof. We begin by using the fact that (uf) = (u})”. Then we split into cases based on
whether d((p})") = d(uy) or d((py)") = d(p)) — 1. To get the final expression we make use
of the fact that d((})") = d(y7) if and only if (¢} )agu)+1 = d(p)- O

Remark 5.2.13. By combining Lemmas [5.2.11] and [5.2.12] we get that the sums involved

result in
D ()i — i) = (d(y) = (1) agur) — (1))

1<i<d(p1)
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in all cases. If we then include the sums from Lemma [5.2.10] we split into two cases. If
(1) d(ur) = d(py), then by Lemma [5.1.17, we get

—(d(ph) = D) agury — d(py)) = 0.

If (1) d(ur) > d(py), then by Remark [5.1.22 d(pf) = d(p), and by Lemma [5.1.17, we get
—(d(py) = () agy — d(ph)) + (d(ph) = 2) (1)) agury + 1 — d(ph)) = d(p1) = (1) dgun)-
So in all cases, the sums from Lemmas [5.2.9] [5.2.10] [5.2.11], and [5.2.12] combine to produce
d(p1) = () d(un)-

Lemma 5.2.14.

D)i((ph); — 1 2)i((p2)i — 1
3 (13)i((p3)i — 1) 3 (p2)i((p2)i — 1)

; 2 - 2
d(ph) <i<l(ph) d(p2)<i<l(p2)
d(p2)(d(p2) —1)
_ ) - 5 if (H2)aguz)+1 = d(p2)
0 otherwise

Proof. We split into cases based on whether d(uy) = d(p2) or d(ph) = d(u2) — 1, and then
we use the fact that d(uh) = d(u2) if and only if (o) a(us)+1 = d(p2). O

Lemma 5.2.15.

> (-5 X - (i)

1<i<d(py) 1<i<d(p2)

=S G () = 1) (el — 22

1<i<d(p2)—1

d(p2)(d(p2) — 1)
2

if (12) d(un)+1 = d(p2)

0 otherwise

Proof. As in the case of Lemma [5.2.14] we split into cases based on whether d(u}) = d(u2)
or d(uh) = d(uz) — 1. We omit the details as they are similar to the details of other proofs
in this section. O

Lemma 5.2.16.

> -2 (w-5) - ¥ o (- ;)

+

1<i<d(ug) 1<i<d(yi5°)
= > (1) if (12)d(us) = d(pi2)
1<i<d(uge)
T e ) - (i~ WYL otheruise
1<i<d(5e)

Proof. If d(ub®) = d(us) — 1, the difference of sums becomes
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Then, using Lemma [5.1.33] we get

2 (i_z)((ué)z-—igl)— > (Z-_Q)((N;)iﬂ_%‘)

1<i<d(pg)

- > ((Mg)iJrl—%)-

1<i<d(ug)—1

We can write this as

> (z‘—2)((u§)i—i;1)_ 3 1(i—2)((u§)i—i;1)— .ZC z’;z

1<i<d(p) 1<i<d(ps)—
. 1—2
- Y (w5
1<i<d(pg)—1

So, by Remark [5.1.22| and Lemma the final result is

c c c d(/f) —1
S e ) -2 (8 - D)
1<i<d(u5°)
== T ()~ (a1 - )
1<i<d(ug°)
. d(po) + 1
== T )~ (G - L)
1<i<d(u5°)
If instead d(ub°) = d(us), the proof is similar. U

Lemma 5.2.17.

gi gi_l gci gci—l
T (5)i((13)i = 1) 3 (1157)i((15%)i — 1)

. 2 . 2
d(ps) <i<l(ug) d(pp®) <i<L(p3°)
(d(p2) — D(d(p2) —2) .
_ 5 if (H2)a(uz) = d(pi2)
0 otherwise

Proof. The proof is similar to the proof of Lemma [5.2.10, We split into cases based on
whether d(5°) = d(p3) or d(uy) = d(ps) — 1. O

Remark 5.2.18. By combining Lemmas [5.2.14] and [5.2.15], we find that the sums involved

result in
Z (2); — (d(p2) — 1) ((M)d(m) _ d(gz))

1<i<d(p2)—1

in all cases. By Lemma [5.1.17}

Z (H2)i — Z (13)i = d(p°).

1<i<d(p2) 1 1<i<d(u5°)
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So, when we combine the sums from Lemmas [5.2.14] [5.2.15] and [5.2.16| there are two cases.
If (k2)d(us) = d(p2), then we get

2 2

Otherwise, we get

d(p5’) = (d(pua) — 1) ((Mz)d<m> N d<52)) ¥ () = 2) ((Mz)dw . %)

= d(ﬂgc) - (M2>d(u2) +1= d(m) - (M2)d(u2)-

So when we include the sums from Lemma [5.2.17] we get

0 if (2)ague) = d(p2)
d(p2) — (M2)d(us) Otherwise.

So in all cases, the sums from Lemmas[5.2.14] [5.2.15] [5.2.16], and [5.2.17] combine to produce

d(p2) — (12) d(yiz) -

Now we subtract the terms in A that do not involve N from the terms in C' that do not
involve N, and include the difference —1 of the terms involving N:

C—A = =1+ ||+ |ps] = [pa] = p5] = |pa] + |ps]
+ 0 =) - (-1)+ > ()i ()i — (i = 1))
1<i<d((u7)") d((p7)")<i<e((uy)")
, o i1 (15)i((p5)i — 1)
+ Z (¢t —2) ((Hz)i - T) + Z 5
1<i<d(ps) d(ug) <i<e(us)
+ )i —i— 1)+ S W) —i—1)
1<i<d(pg) d(p§)<i<e((ug)")
o it (p5)i((p5); — 1)
+ Y Z((Nz)i_T)-i- > s
1<i<d(ph) d(p5)<i<e(up)
— D =)= = > ()il — )
1<i<d(p) d(un)<i<t(1))
‘ i (p2)i((p2); — 1)
SN EHI (BRI RS .
1<i<d(p2) d(p2)<i<l(p2)
— Y = D)((pr)s—i) - > (11)i ((p1%); — 9)
1<i<d(u7°) d(uye) <i<((u5°)")
. rc l (/’ch)i«urc)i - 1)
IR (T D
1<i<d(ug) () <i<H(i5)

= =1+ [py| + |ps| = s = (7] — (5] + |ps]
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+ Yo )i - G- = Y (i) =)

d((u]))<i<e((ph)’) d(p7e)<i<L((pie)") )
Remar?{rm
LD DN (AR B SNV )
I<i<d((u)') 1<i<d(uy°) .
Remaﬁjm]
Y - Y G- D))
1§Z§d(u1) 1<i<d(u)
Rema;krm]

D D A (T A A VE R (AN ()
f(ui)<iﬁf((ui)’) d(p1)<i<e(u}) )
Rema:krm]

(15)i((py)i — 1) (p2)i((p2)i — 1)

+ Z 9 - Z 9
f(#5)<iﬁg(u5) d(p2)<i<t(u2) )
Rema;l:m]

) . 1+ 1 ) 7
+ > i ()i 5 )~ >, -1 (2)i = 5
1<i<d(up) 1<i<d(p2)
Remarirlm
7 —1 . e 7
D S I e ED DI (21
1<i<d(pg) 1<i<d(u5e)
Remaﬁ:
(15)i((p5); — 1) (15°)i((p5%) — 1)
+ Z 9 - Z 92
f(u5)<i§f(u5) d(p5)<i<l(u5°) )
Rema&rm]

= =1 ]+ sl = [ps| = [p5] = lpa] + [ps]
+d(pn) = () agu) + dp2) = (2)ag)
= —1+d(m) — (1)aga) + d(p2) = (H2)ag) = —K.
In the last step we used the fact that |u"| — || = 1,) — pag (see Remark [5.1.27).

5.3. PT weights. In this section we compute the constants A, B, and C from equation
in Section[d.5 To that end, in Section [5.3.1]we compute the edge-weights of the base,,, base,,,,
and baseg,,, double-dimer configurations. As in previous sections, we assume N > M. The
remaining work is to compute C' — A; this is done in Section [5.3.2]

5.3.1. Edge-weight of base double-dimer configuration. In this section we compute the edge-
weights of the base,, double-dimer configuration and the base,, and basegy,» configurations.
We prove our formula for the base, configuration, but omit the proofs for the base,, and
basegon configurations because they are essentially the same, as the base,, and basejoun

configurations only differ from base,, configurations by shifts.
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The edge-weight of the base, double-dimer configuration is given by the following lemma.

Lemma 5.3.1. The edge-weight of the base, double-dimer configuration is q@rese ) where

N—£(uy)—1 . .
N*(N —1 . N —€(ph) — 1)(N — £(p 1 —1)i
Whase (1) = (2) - (V — () 2)( (1)) _ | ' )
i=1
+ Y (N= DW=+ Y (N= N+ ()i — )
Elihzizt i) IS
N—1—£(p2)

+ Y (N+i—1)(N —i— L))

=1

+ D ()i + N)(=(p2)i + N) +

()i >i>1 2
, (N—i—1)(N—q) ‘&
+ > (N=i)((p2)i+ N)+ 5 + > (N =) ()i
i:(p2)i<i<l(p2) i=1

We start by showing that the formula holds for p; = po = pg = 0. While this is not
necessary to prove Lemma [5.3.1}, this special case will make the proof of Lemma [5.3.1| easier
to understand.

Lemma 5.3.2. The edge-weight of the baseypp double-dimer configuration is qWase(0.0.0),

where

=

e 0.0.0) = LD S vy -+ Y

(N—1)N  (i—1)i
2 2

1

=1 %

Proof. By Deﬁnition|4.4.23:, the basey g ¢ double-dimer configuration is D num (V) = Dz e (N),
i.e., it corresponds to the AB configuration (&, @). So, we have the tilings and double-dimer
configuration shown in Figure [15| for N = 5:

PARN

PV ANDN

VAV A4 AR IR

AL APANNDRAN

IS NI

oYe%a"a"e AN AGNRNINY

o~ =) NN

oYeYa"a"e 117 N

o20% 2 e " \
avsTa"e

=0
020

FIGURE 15. The AB configuration (&, &), in the case where 1 = ps = g =
(). Left: The tiling corresponding to A. Right: The tiling corresponding to B.
Center: The corresponding double-dimer configuration.
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Referring to Figure we see that the only horizontal dimers from the B configuration
are in sector 3, and these horizontal dimers contribute weight

(q0>N(q1)N . (qN—1>N _ qNQ(N—l)/Q‘

The horizontal dimers from the A configuration in sector 2 contribute weight

N-1

..(qQN—2)1 — H(qN—i-i—l)N—i

=1

N)N—l( N+1)N—2

(q q

The horizontal dimers from the A configuration in sector 1 contribute weight

N-1
_ _ _ _ (N-1)N _ (i—1)i
(¢ ¢ " @ "G T = e

There are no horizontal dimers from the A configuration in sector 3. U

Proof of Lemma [5.5.1. This proof has three parts. We first show that the horizontal dimers
in sector 1 have weight

N1 e v (i-1)
—&(py)— — £y _i— i Ii N—i\N— /i
| | q 2 2 | | (q(l‘l) q ) (1)
i=1 i:(ph)i>i>1

H <q(u’1)infi)N7i
ir(p )i <i<(py)
N=tGa)-1 (N—e(p)) =N —L(p]))  (i—1)i
= [0 « = T [ ¢ emawrenies
i=1 i(ph)i>i>1
[T g@-oe+on,
i:(p )i <i<(py)

Note that when ¢(u}) = 0, this formula agrees with the third term in Lemma[5.3.2] We will
next show that the horizontal dimers in sector 2 have weight

N—1—£(u2) N—(p2)i
H (qN—H'—l)N—z'—Z(ug) H (q u2)1 H qN—i—j 1
i=1 i:(u2)i>i>1

H ( (H2) N-— 1]ﬁqN+j—1>

i:(p2); <i<l(p2) Jj=1
N—-1-¢
T (MQ) ) _ N (N=(p2); =1 (N=(r2)4)
= H N“ 1 N—i—l(ps2) H q((#2)z+N)(N (M2)z)q 5

- i:(p2)i>i>1
[[  gmo-ng ==,

ir(p2)i <i<l(p2)
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Again, when £(us) = 0, this formula agrees with the second term in Lemma [5.3.2] Finally,
we will show that the horizontal dimers in sector 3 have weight

, £(p3) A
qN (N=-1)/2 H (qN_Z)(Nii)i.

i=1

We remark that since the base,, double-dimer configuration is D uum (V), the horizontal
dimers from M4(N) in sector i can be completely explained by the partition p;. Also, as in
the proof of Lemma [5.3.2] the only horizontal dimers from Mpg(N) are in sector 3.

Sector 1. In the case where p; = (), we can partition the horizontal dimers from M4(N) in
sector 1 (see Figure into N — 1 groups:

(1) The group of horizontal dimers that consists of the topmost horizontal dimer in each
column of hexagons in sector 1. This is a group of N — 1 dimers that each have
weight ¢V 1.

(2) The group of horizontal dimers that consists of the horizontal dimers directly below
the dimers in group 1. Since the leftmost dimer in group 1 does not have a horizontal
dimer directly below it, this is a group of N — 2 dimers that each have weight ¢’V 2.

(3) Etc.

In general, group ¢ consists of the N — i horizontal dimers directly below the dimers in group
i—1 (with the exception of the leftmost dimer in group i— 1, which does not have a horizontal
dimer directly below it). The dimers in group i all have weight ¢"~".

Now that we have partitioned the dimers in this way, we are ready to discuss the case
where py # (0. Consider (p));. When (p}); > 0 (compared to (p)); = 0), the dimers in
group 1 (i.e. the N — 1 dimers with weight ¢ 1) shift up (p}); units. However, some of the
dimers in group 1 shift outside H(N). Specifically, the ith dimer from the leftmost dimer
(so the leftmost dimer corresponds to ¢ = 0) is still in H (V) if and only if i < N — (p}); — 1.
In total, there are N — (1}); dimers inside H(N) after this shift and these dimers each have
weight ¢(#)1gN=1,

In general, the ith part of u) affects the weight of group i. For ¢ > ¢(u]), the weight of

. . . N—=(p3)—1 (N—()-D(N—=L()))  (=1)i
group ¢ is unaffected, and the product of all such weightsis [ ¢ P P
i=1

To determine the effect of the ith part of p) on the weight of group ¢, we break into cases.
If (p}); > i, then as in the case where i = 1, after the dimers in group 4 shift up, there
are N — (u}); dimers still in H(N), each with weight ¢)igN=". If (u}); < i, then after the
dimers in group i shift up, there are N — i dimers still in H(N), each with weight ¢#1)igN =7,
Therefore, the total weight of the dimers in sector 1 is

Nﬁé(ﬂ/l)il (N*Z(Mll)*l)(N*é(M/l))_(i*l)i ( /)_ N—i N—( /)‘ ( /)A N—i\N—;
II « 2 S ] R CA A R | B CE A
i=1 i:(ph)i>i>1 i: ()i <i<l(ph)

Sector 2. As we did in sector 1, we partition the horizontal dimers from M, (N) in sector
2 into N — 1 groups:
(1) The group of horizontal dimers that consists of the topmost horizontal dimer in each

column. This is a group of N — 1 dimers with weights ¢", ¢V !, ..., ¢*VN 2.
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(2) The group of horizontal dimers that consists of the horizontal dimers directly be-
low the dimers in group 1. Since the rightmost dimer in group 1 does not have

a horizontal dimer directly below it, this is a group of N — 2 dimers with weights

N _N+1 2N-3
a9 ... :

(3) Etc.

In general, group 7 consists of the N — ¢ horizontal dimers directly below the dimers in group
i — 1 and these dimers have weights ¢V, ¢V *!, ..., ¢?V-17%

As in sector 1, the ith part of us affects the weight of group ¢, because the dimers in group
i shift up (u9); units. For ¢ > ¢(us), the weight of group i is unaffected, and the product of

N—1—¢(u2
all such weights is H( )(q
i=1

on the weight of group ¢, we break into cases. If (u2); > 4, then the dimer in group i with
weight ¢V 17 is still in H(N) after being shifted if and only if N + j + (u2); < 2N — 1, that is,
if and only if j < N — (u2); — 1. So after the dimers in group 7 are shifted, there are N — (u);
dimers still in H(N), and these dimers have weights g(#2)igV, q#2)igN+1 qlH2)ig2N=1=(n2)i
If (p2); < 4, then after the dimers in group i are shifted, there are N — i dimers still in
H(N), and these dimers also have weights ¢(#2)igV, q2)igN+1 . q#2)ig?N=1=¢  Therefore,
the total weight of the dimers in sector 2 is

N+i=1)N=i=t(p2)  To determine the effect of the ith part of sy

N—1—£(u2) N—(p2)q
H (qN—i-i—l)N—i—é(ug) H (q(MQ)i>N—(M2)i H qN+j—1
i=1 i:(p2);>i>1 J=1
N—i

(n2) j=1

i (p2)i<i<t

Sector 3. Recall from the proof of Lemma that the horizontal dimers from Mpg(N) in
208
sector 3 have weight qN 5. In the case where 13 = (), there are no horizontal dimers from

M4(N) in sector 3. When uz # (), there are (u3); horizontal dimers from M4(N) in sector
3, each of weight ¢"V=*. This gives us the desired formula. U

We conclude this section with expressions for the edge-weights of the base,, and basegoun,
configurations.

Lemma 5.3.3. The edge-weight of the base,, double-dimer configuration is g**», where

N—£((u7))-1 \/ T/ (s
S (V + 1)1;’(1\7— Do N2y 3 (N —£((p1)") +21)(N—€((M1) ) Z(Z;H)

i=1

0 if (uy) =10
+ > (N — ()i = D)((uh)s + N —i+1) otherwise
B(u) Zi—1>0

+ > (N =) ((p1); + N —i+1)
i:((py)")i<i—1<e((puf)")—1
N—1-£(p5)
+ Y (NN =i —(p5))
i=1
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0 if ps =10
+ > ((u8)i + N)(—(ps)i + N — 1) + (Nf(ﬂg)ﬁ;)w*(“g)i) otherwise
i (15)i 21— 120

(N —i+1)(N —1)

+ Y. (V=) +N) + 5
i:(pS) s <i—1<0(pg) —1
£(p3)

+ Z (N 41 —i)(u3)i-
i=1

Lemma 5.3.4. The edge-weight of the basegoy, double-dimer configuration is qvn, where

(N -1)*(N —2) L W = l(e)) = 2)(N = e(p)') — 1)

Wdown = 2 2
N—£((5)") -2 . . S
n TV = () — DN = £((p§)) —2) (i — 1)
; 2 2
=1
+ (N = (pu9); + ()i + N =i —1)
i:(p§);>i4+1>1

+ > (N =) ((u)); + N —i—1)
(ui)’<z+1<€((u1) )+1
—1-£(p3)
+ Z (N +i—2)(N —i— (b))
=1
> ()i + N = 1)(—(ih)i + N+ 1)+
i:(ph)i>i+1>1

+ > (N — i) ((1h)i + N —1) +

"(ME)'<2‘+1<€(M£)

+Z — 1 —4)(u3);.

5.3.2. Algebraic szmplzﬁcatzon. Since A = Wpase(p1, 2, 143) + Wease (176, 5%, p3) and B =
Whase (W16, Has th3) + Whase (01, 155, 113), we see that A = B. In addition, C' = wy, + Waown.-

To compute C' — A, we split the algebra into two pieces: we first simplify the sums that
have index set going from 1 to a fixed ending point that does not depend on u, and then we
simplify the remaining summands.

Remark 5.3.5. Since

(N — (p3)i + DN — (p3):)

(N —i—1)(N —1)
2

£(p3) L(p3) £(p3)
DN +1=i)(ps)i+ D (N =1 —)(ps)i —QZ =0,
i=1 i=1

the terms involving ps cancel.

Lemma 5.3.6.
N—=£((u]))-1

3 (V= 6(()") + DN = (1)) ii+1)

i=1




N—£((p1°))—1

N — (1)) = (N = £((p5e))) (i — 1)i
. ( (1)) 2)( (1)) (=1

[ AN =Dy o o) =1 and i >
w if d(uy) =1 and (pi)h =1

The terms in the lemma are from w,, and wyese (15, 15, pt3), respectively.

Proof. Recall that (u7¢) = (p))™, and (u])" = (u})¢. For convenience, we write A := pj.
There are two cases to consider. The first is when £(A™¢) = ¢(A°) — 1. This occurs precisely
when d(A) > 1 or d(\) =1 and A\; > 1. In this case, we can write the second sum as

N—£(X)

(N = QDN = () +1) _ (= D)i

™

= 2 2
Now we see that
N%” (N = 60) + DN = 6(x)) N§C) (N — 60))(N — €(0) + 1)
i=1 2 =1 2
(VL)) (N = LX) +1)
_ 5 _
We have
Ng“ i) "R -ni i’ R Ng“ i+
: 2 : 2 2 : 2
=1 =1 = =0
So, if £(A7) = £(X°) — 1, we have — WADNZLAIHD - Otherwise, £(A™) = £(A°) = 0, and
we are left with
NZI(NJrl) 2—1—1 - ( N (i-1)}i N(N-1)
: 2 2 2 '
i=1 i=1
O
Lemma 5.3.7.
(N = (1)) —2)(N = (1)) — 1)
2
N—e((u5)) -2
N - (N = £((n1)) = DNV —£((n7)') —2) (i —1)i
L 2 2
N—e((uY -
N i: (N = £((11)) + DIV = £((11)")) (i +1)
L 2 2
N—£(puy)-1




_1 / re\/ . .
S (N = L((p17)) = DN = (1)) (i —1)i
9 2
0 if d(py) > 1
N —0(uy) — 1) (N — (1 N-—-1)N | , ,
W) = DIV = H0A)) - VDN ) = 1 and (), > 1
(N = bp) = DV = l0m)) | (N = DN
9 2
The terms in the lemma are from Waown, Wup, Wease (1, f2, f3) and Wease (156, 15°, p13), Te-
spectively.

otherwise

Proof. We use the fact that £((u$)) = €((p])") and then we apply Lemma [5.1.12] to write

the first two lines as
(N =) = DN = () | RV )N ) = 1) (=D

2 , 2 2
=1

N—4(

So, when we subtract the sum from the fourth line of the lemma statement, we are left with

(N — ) = DN = L))
5 .

Applying Lemma 5.3.6] if d(y;) > 1, then €((1})°) = £(1}) +1 (see Remark [5.1.19), and so
the contributions from all of the terms cancel. If d(y}) = 1 and (1}); > 1, then £((u})¢) = 1.

So, we get

(N —b(py) - (N = b))  (N-DN

2 2
Finally, if d(p}) = 1 and (u}); = 1, we get

(N = b)) = DIN = b)) | (N = DN

2 2
0
Lemma 5.3.8.

N—1—-£(ul) N—-1-£0(u$)

> (N+i—2)(N —i— () + (N + i) (N — i —€(u3))

i=1 i=1

N—1—(p2) N—=1-£(u5°)
= D (N+i—1)(N —i— L)) - (N 4@ = 1)(N =i —l(p5"))

i=1 i=1
() if d(pz) > 1
— { —lp2)N + L(p2) if d(p2) =1 and (p2)1 > 1
(N —=1)(N —£(p2)) + w otherwise

The terms in the lemma are from Waown, Wup, Wease (415 f2, f13) and Wpase (1416, P5°, f13), TE-
spectively.
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Proof. Using the fact that ¢(ub) = €(u2) — 1, we write

N—1-¢(u3) N—£(uz)
Z (N+i—2)(N—1—( Z (N+i—2)(N—1—40(u2) +1)
=1 =1

N—L(p2)—

= Z N+z—1 V(N — i — ().

So when we subtract the third sum from the lemma statement, we get

(N = DN = £(p2))-
In the case where £(u5¢) = £(u$) — 1, we can write

N—1—£(u5°) N—£(u5)
> N+ DN —i— L)) = > (N+i—1)(N—i—L(us)+1)
i=1 i=1
N—b(ug)—1
= (N + )N =i — (u3)).
i=0

So, in this case when we subtract this from the second sum in the lemma statement we have
~N(N = 0(u5)).
So, if £(ub¢) = £(ps) — 1, the contribution from all four terms is
—N — U(po) N + £(po) + £(ps)N.

There are two ways for ¢(ub°) = ¢(us) — 1. We could have d(uz) > 1, in which case
0(us) = (p2) + 1. Or we could have d(uz) = 1 and (p2); > 1, in which case £(u§) = 1.
Therefore we have

C(p2) if d(p2) > 1
—€<,LL2)N+£(/L2) if d(ﬂg) =1 and (/Lg)l > 1,

as desired.
In the case where £(u5¢) = €(us) = 0, when we subtract the fourth sum in the lemma
statement from the second sum we have

N_l_e(/'tg) N_l_e(/lgc) N(N . 1)

Y. IN+)IN=i)= Y (N+i-D(N —i)=——

i=1 i=1
So, if £(u%®) = €(us) = 0, the contribution from all four terms is
N(N -1
(N = )N — )y + YD
Remark 5.3.9. Note that
_1)2 . _ 2 _
(N —1)*(N —-2) N (N +1)N(N 1)+N2—2~N (N —-1) _oN_ 1
2 2 2
These terms are from Wapwn, Wup, Wease (1, f2, f13) and wpase (U7°, 15°, pi3), respectively.
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We now proceed to simplifying the terms whose index sets depend on . As in Section[5.2.2]
our strategy is to pair summands that contribute to the constant C' with summands that
contribute to the constant A.

Lemma 5.3.10.
> IN= )i+ D)+ N —i—1) - (N = (1)) (N + (13); — 9)

ir(u$) >i+1>1 ir(u))i >i>1
= —(N = () aqu) (N + (1) agur) — d(p))

The terms in the lemma are from wgpy, and wpese (1, fi2, pi3), respectively.

Proof. We use the fact that (u$)’ = (¢])" and Lemma [5.1.16| to write
> N () A D) AN =i =) = Y (N = () (N + (h)i — )

i(pf);>i+1>1 i:(p) )i >i>1

= > (N—= () +1)(h)f+ N —i—1)— (N = (u)o) (N + () — i)
1<i<d(p}) 1<i<d(p))

= > (N=())((u)i+ N =)= > (N = () (N + ()i — 1)
1<i<d(}) 1<i<d(y})

= —(N = (1)) au)) (N + (1)) — d(pr))-

Lemma 5.3.11.

> ((Eh)i+ N = 1)(—(uh)i + N+1) +

i:(ph); >i4+1>1

Y (it M) () + N+ D2 —21><N — (1))

ir(u2)i>i>1

(V= (py)i + DN — (3)i)
2

_ 2 o (V= (2)agua) = DIV = (12)agua))
= ((H2)aguy)* = N* = s :

The terms in the lemma are from wWggy, and wyase (1, pio, 113), respectively.

Proof. The details of the proof are omitted as it is similar to the proof of Lemma[5.3.10, We
use Lemma [5.1.16|and the fact that when ¢ < d(ps), (15); = (p2); + 1. Then all terms cancel
except the i = d(uy) term of the second sum. O

Lemma 5.3.12.
> (N =) ()i + N —i=1) = > (N=i)((gh)i + N —i)

i:(pf); <iH1<L((ng) )+ ar(py )i <i<L(ph)
0 if L) = d(p)
- > (1y)i + N —i  otherwise
d(pq)+1<i<e(py)

The terms in the lemma are from wWggw, and Wyase (1, pio, 113), respectively.
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Proof. We use the fact that (u$)’ = (¢})" and Lemma [5.1.16f We get

> (N =) ()i + N —i=1) = > (N=) ()i + N 1)

a:(p$), <i+1<e((pu))+1 () a<i <)

= > (N=dE)i+N—i—D— Y (N=d)((ph)i+ N —i)
d(ph) <i<e((py)7) d(u))<i<e(uh)

= > (N ()i FN—i=1) = Y (N =i)((uh)i + N —i)
d(ph)<i<e(ph)—1 d(ph)<i<e(ph)

= Y Wit D) N =) - Y (N (Gh)i+ N =)
d(py)<i<l(ph) d(p)<i<e(uh)

= Z (ph)i + N —i.
() +1<i<e(ph)

Note that we have used the fact that since i > d(p}), ()7 = (})ix1. In the case where

)

0(py) = d(p)), both sums are empty. O

Lemma 5.3.13.
> (N = d)((1)i + N — 1) + (N —i —21)(N — i)

:(ph) s <i+1<(uh)+1

- Y (N ()i + N+

(N —i—1)(N —i)

(o) <i<l(p2)
0 if (o) = d(juz)
= 3 ((u2); + N — 1) otherwise
d(po)+1<i<l(p2)

The terms in the lemma are from wgpw, and wpese (1, p2, pi3), respectively.

Proof. Similar to the proof of Lemma [5.3.12, we see that

(N —i—1)(N —i)
2

> (N =d)((pp)i + N = 1) +

()i i+ 1<) +1

- Z (N =) ((2)i + N) +

i:(p2)i <i<l(p2)

= Z (N —=i)((p2)i1 + N = 1) +

(N —i—1)(N — i)
2

(N —i—1)(N —1)

2
d(p2)<i<e(uf)
N—i—1)(N—i
— Y i ) D)
d(p2)<i<l(p2)
N—i+1)(N—i
- ¥ (V= i+ 1)((ua)s + N — 1) + HQ)( J
d(p2)<i<l(p2)
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(N —i—1)(N —i)

- > (N=i)((m)i+ N)+

- 2
d(p2)<i<l(p2)
, N —1
D ISP (RS SR
d(p2)<i<l(p2)
. N—-71—-1

DS (RS FE () + N — 1)

d(p2)<i<l(p2) d(p2)+1<i<l(u2)

O
Lemma 5.3.14.
0 if (u5)' =10

Yoo (N=()i = D((uh)i+ N —i+1) otherwise

ir(u)}>i—1>0

- Z (N = () (N + (p1); — 1)

_Jo if (ph) =0
(N = (1)) — DUy + N —d(ph) + 1) otherwise

The terms in the lemma are from w,, and weaese (11, (5, p3), respectively.

Proof. Tt (u3) = 0, then ¢(u}) = 0, so by Remark [5.1.12] ¢(x1) = 1, in which case d(u;) =1
and we get

= > (N (W + (u); =) = 0.
1<i<d(p1)
Otherwise, using the fact that (u]) = (1), we write the first sum as
> (N = (s = D)+ N =i+ 1),
(1)) ¢>i—1>0

Applying Lemma [5.1.23] we can write this sum as

> (IN= ()i = D)+ N —i+1).

i1<i<d(u})
Noting that (uj¢)’ = (1) and applying Lemma [5.1.33| to the second sum, we get
D (N = (Wh)F = DIV + ()i + 1 =),
() 221

Since the second sum runs over ¢ such that 1 < i < d(pf¢), and d(u}°) = d(py) — 1, this
completes the proof. O

Lemma 5.3.15.
> (N =) ((u1); + N —i+1)— > (N =) (1) + N —4)

() <i—1<H((u]))—1 (W) <i<E((1])7°)
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0 if £((p7)") < d(pa)
- > —((1)s+ N —i+1) otherwise
() <i<((1})°)

The terms in the lemma are from w,, and weese (15, (5, p3), respectively.

Proof. We apply many of the same arguments as in Lemma [5.3.14] Namely, we use the facts
that (u7) = (p])¢ and Lemma |5.1.23|to write the first sum as

> (V=) (s + N =i+ 1),
drdl(p) <i<e((ph)°)
Now, applying Lemma [5.1.33, we have

> (N =) (u)i" + N —1) = > (N =) ()i + N —1)

ird(pf ) <i<O((ph)7) drd(p€) <i<((py))—1
= > (N =i+ D)(()s+ N —i+1).
ixd(p7 ) +1<i<l((1))°)
So, subtracting this from the first sum, we get

> ()i +N—i+1).

td(pr)<i<e((p))e)

Lemma 5.3.16.
0 if ps =0
> ()i + N)(—(u$)i + N —1) + W=(p)iDIN=(2)d)  4h erpise

i:(p§)i>i—120 2
N — () — 1) (N — (%),
B Z (%) + N)(—=(u5)s + N) + ( ) 5 )( (1459)5)
ix(u5)i>i>1
! if ps =10
B 5 3N
(N = (12) () — 1) (% + 7) otherwise

The terms in the lemma are from w,, and wese (15, (5, p3), respectively.

Proof. It p§ = (), then ¢(us) = 0, so by Remark [5.1.19 d(p2) = 1 and (p2); = 1, in which
case 5 = () and we get

_ Z ((Mgc)z +N)(—(MSC)¢ —|—N) + (N — (:ugc)i _21)(N _ (Mgc)z) — 0.

ir(upe)i >i>1

Otherwise, using Lemma [5.1.33], we see that

i:1<i<d(ue)

S R G R (O R N

i1<i<d(u5e)

N — (p5)i = 2)(N — (p5); — 1)
> .
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We see that
> ((Ws)i+ N)(=(us)i+ N —1) + (N — (15

i1<i<d(15°)
c c (N = (p8)i —2)(N — (15); — 1)
— > ()i = 1+ N)((u5)i + 1+ N) + 5

#1<i<d(ue)
= D (=) + N = 1)((us)i + N — (u5); — 1 = N)

i1 <i<d(p5e)

+ U= Doy ) (v - )~ 2)) =0

)i — DN — (p5):)
2

So, all that remains is the ¢ = d(u2) term of the first sum:
) = )atua) = DOV = (15)ague)
2

((15)agua) + N)(= (15 a(ua) + N = 1

= (N = ()i — 1) (% N %) |

Lemma 5.3.17.
> (N = i)((iS)s + V) 4 = +21)(N — i)

i:(pg)s <i—1<0(pg)—1

(N —i—1)(N —1)

- (N =) N) + :
i:(phe ) <i<O(pe)
: i 05 < ()
- > —((u§); + N)  otherwise

iid(2) <i<€(u5)
The terms in the lemma are from w,, and wyse(15°, (5, ft3), respectively.

Proof. Applying Lemma [5.1.33] we have
N e N—i—1)(N—1
S+ ¢ BN

d:d(p5®) <i<e(p5e)

=Y Wi+ ¢ B D

() <i <0(ug) 1

_ 3 (N—i+1)<(ﬂ§)i+N)+(N_i)(];[_i+1).

Ld(phe)+1<i<l(ps)

So, subtracting this from the first sum, we’re left with

S (it )
sid(p2)<i<O(us)
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If £(ps) < d(pz), both sums are empty. O
Now that we have paired all of the sums, we simplify the results from Lemmas [5.3.10
through [5.3.17]

Lemma 5.3.18. The terms from Lemmas [5.3.10 and [5.3.1]] cancel, unless (u}) = 0, in
which case we are left with —N(N — 1).

Proof. Lemma states that (Mll)fl(u’l) = (ph)aq) — 1. Applying this to Lemma
completes the proof in the case that (uj)" # 0. If (u}) = 0, then pj =0, so £(u}) = 0 and
by Remark l(p1) = 1, implying that d(u1) = 1 and (p})1 = 1. Then the term from
Lemma 5.3.10]is

—(N = (1) agun)) (N + (1) agu) = d(m)) = =(N =1(N +1—=1) = =N(N = 1).

O
Lemma 5.3.19. The terms from Lemmas|5.53.16 and |5.5.11] sum to
0 if ps # 0
N —-2)(N -1
1—N2—( )2( ) if u§ = 0.
Proof. To get the expression when S = ), we use the fact that if u§ = ), then it must be
the case that (ug); = 1. O

Lemma 5.3.20. When we add the terms from Lemmas|[5.3.19 and[5.3.15, we get

(o) + Ny - — UEIED ) g

—(d(py) + N = ((111)d(uy) + 1)) otherwise.

Proof. First we deal with the case that d(u)) = 1. In this case, (u}); < 1 for all ¢ > 2 and
(1})s = 0 for all ¢ > 2. So, the contribution from Lemma [5.3.15is 0 and the sum from
Lemma [5.3.12 becomes

€(ph)
() (0 1) =2
S A N—i=3 14N i = () - D+ ) - ) + )
d(ph)+1<i<e(u}) i=2

= iy + ¥ty - - LD D)

In the case where d(u)) > 1, let iy be the largest integer ¢ with (u}); > d(u}). Then
applying Lemma [5.1.17, we see that the sum from Lemma [5.3.15) becomes

- Y (s +N—i+1)

dxd(p1) <e<l((ph)e)

= - Z (1)) + N —1)

ird(p1)+1<i<ig

S N =Gt D) = > (e kN i)
irig+1<i<l((ph)°)
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= = Z (1)) + N —1)

ird(p1)+1<i<ig

- Yo ()i N =) = (d() + N = (ig + 1)),

drig <i<O((p))°)—1
Since the first two sums cancel with the sum from Lemma [5.3.12] we are left with

—(d(py) + N = (ia+1)) = =(d(p3) + N = ((11)agun) + 1))

by Remark [5.1.20 O
Lemma 5.3.21. When we combine the terms from Lemmas|5.3.15 and|5.5.17, we get
(L(p2) —1)N if d(pe) =1
—d(p2) = N +1 = L(p) + (py)aque)  otherwise.

Proof. As in the previous lemma, we begin with the case where d(uy) = 1. In this case, the
sum from Lemma is empty and the sum from Lemma [5.3.13| becomes

> ((m)i+N=1)= > N=(l)—1)N,
G:d(p2)+1<i<l(p2) 1:2<i<l(p2)

In the case where d(us) > 1, let i4 be the largest integer with (u2); > d(u2). Then we can
write the sum from Lemma [5.3.17 as

Y )
t:d(p2) <i<l(p§)

= — > ((m)i—1+N)—(d(p2) -1+ N) - > ()i +N)

ird(p2)+1<i<iq g+ 1<i<O(pa)+1
= - Z ((p2)i + N —1) — Z ((n2)i + N) = (d(p2) — 1+ N).
i:d(u2)+l§i§id i:id<i§€(,u2)

Writing the sum from Lemma [5.3.13] as
Y ((m)i+N=1)= > ((mi+N-1+ > ((m)i+N-1),
t:d(p2)+1<i<l(u2) i:d(p2)+1<i<iqg 1:9g<t<l(u2)

we see that the first sum cancels with the first sum from Lemma Combining the second
sum with the second sum from Lemma [5.3.17|we get —(£(j12) —iq) = —(L(p2) — (119) d(us))- O

We conclude the computation of C' — A by adding the results from Lemmas [5.3.7 and
[b.3.8, Remark [5.3.9] and Lemmas [5.3.1§] through [5.3.21]

Terms involving p; From Lemma we have

0 if d(py) >1
(N _E(MI) _21)<N _g(ﬁbl)) . (N _21)N if d(ﬂll) — 1 and (//’,1)1 > 1
(V= ) - DN =) | (VDN

5 .
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From Lemmas [5.3.18 and [5.3.20/ we have
() + N ()t +
() + Ne(uy) — N - 0

. {0 if (u}) # 0

)«

—N(N —1) otherwise.

Note that, by Remark [5.1.12] (u})" = () if and only if xf = () if and only if ¢(u}) = 0 if and
only if £(p1) = 1 if and only if d(i}) = 1 and ()1 = 1.
So there are three cases to consider. If d(p}) > 1, we have

(i) — (i) = N +1.
When d(p)) =1 and (p})1 > 1, we get
(1) = N = () agu) = N = d(pm) + 1.
When d(py) =1 and (pf); = 1, we get
((py) =N+ (N =1)N = N(N = 1) = £(p3) = N = (p1)agu) — N — d(pa) + 1.
Terms involving ps Recall from Lemma that the terms involving o are

C(p2) if d(pg) > 1
—l(p2) N + £(p2) NN if d(pz) =1 and (p2)1 > 1
(N —1)(N — £(p2)) + % otherwise.

The terms involving po from Lemmas [5.3.19| and 5.3.21] are
{—d(uz) — N+ 1= ) + (1h)ague)  iF d(piz) > 1

(L(p2) —1)N if d(p) = 1
0 if d(pg) > 1 or (d(pz) =1 and (ug); > 1)
* 1—-N2— (VN=-2)(V - 1) if d(pg) =1 and (p2); = 1.

2
So there are three cases. If d(uz) > 1, then we are left with
—d(p2) = N+ 14 (1) aus).
If d(pe) =1 and (u2); > 1 then we have
U(pg) = N = —d(pa) + 1+ (12)d(us) — N-
Finally, in the case where d(u5) =1 and (u2); = 1, we have
Uu2) = N = —d(p2) + 1+ (1) agus) — N.
Combining all terms In all cases, we have
(1) a(u) — 2N = d(p1) + 2 = d(p2) + (12) d(us) -
By Remark [5.3.9] we must add 2N — 1 to this sum, so we conclude that

C — A= (1)agu) — dp) + (Hy)ague) — d(pz) +1 = K.
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