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ASYMPTOTICS OF ARITHMETIC FUNCTIONS OF GCD AND LCM OF RANDOM
INTEGERS IN HYPERBOLIC REGIONS

ALEXANDER IKSANOV, ALEXANDER MARYNYCH, AND KILIAN RASCHEL

ABSTRACT. We prove limit theorems for the greatest common divisor and the least common mul-
tiple of random integers. While the case of integers uniformly distributed on a hypercube with
growing size is classical, we look at the uniform distribution on sublevel sets of multivariate sym-
metric polynomials, which we call hyperbolic regions. Along the way of deriving our main results,
we obtain some asymptotic estimates for the number of integer points in these hyperbolic domains,

when their size goes to infinity.

1. INTRODUCTION

Let f: N — C be an arithmetic function, with N denoting {1,2,...}. The motivation for the
present paper comes from the recent study of hyperbolic sums
fo(n):=Y f(GCD(i,j)) and fi(n):= ) f(LCM(i,})) (1.1)
ij<n ij<n
carried out in [6], where the authors derived asymptotics of f;(n) and fi(n), as n — oo, for certain
classes of arithmetic functions f. For example, Theorem 2.2 in [6] yields the following asymptotics

fen) 1 & flk)
n—eonlogn — £(2) L%

(1.2)
k=1
provided that f(n) = o(nP log® n), as n — oo, for some B < 1, 8 € R and with { being the Riemann
zeta-function.

To set up the scene, recast (I.1)) and (T.2) in the probabilistic language as follows. Assume that
(n) v, (m)

on a certain probability space (Q,.%,P), there is a sequence of random vectors ((V1 , 2"

such that, for every fixed n, (Vl(n) , Vz(")) has a uniform distribution on the finite set

H272(n) = {(i17i2> eN?: i1 < n}

(the choice of notation H; » will be explained below, see (2.1))). This means that, for all (i1,iy) €
Hy > (n),

))neN

1
P{V" V) = (it in)} = ———.
b ’ |2 2(n)|
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Then
fo(n) = |Hoa(n)]-EF(GCD (V" V™)) and  fi(n) = [Hao(n)|-ELLCM (V" Vi), (1.3)

Taking into account the asymptotics

n |n/i] n
|H2(n) Z Z Z |n/iy] ~ nlogn, n— oo,
=1 ir=1 =1

where | x| denotes the integer part of x € R and the notation a,, ~ b, means that lim,,_,«(a, /b,) =1,
we conclude that (1.2)) is equivalent to
ORVONLE [k
lim Ef(GCD v, v, =70 ; k—. (1.4)

Remarkably, the quantity on the right-hand side coincides with E f(U (27°°)), where by Theorem 1
in [3], the distribution of U3 is the distributional limit of GCD (2\"),Z") as n — oo, the
pair (Z@,Zg")) being uniformly distributed in the square {1,2,...,n}2. Since (T.4) holds for all
bounded arithmetic functions, it actually tells us that there is the convergence in distribution

lim P{GCD (V| v Vi) =m} =P{U®™) =m}, meN.

Nn—yoo
Therefore, GCD (Vl(") ,Vz(")) for large n behaves as the GCD of two independent integers picked
uniformly at random from {1,2,...,n}.

We shall show in the present paper that it is not a coincidence but rather a simple instance of a
much deeper and general phenomenon. This observation will allow us to extend some results in
[6] to an arbitrary dimension and cover more general hyperbolic regions defined by the standard
symmetric polynomials.

Acknowledgments. We thank the anonymous referee for several useful comments and sugges-
tions.

2. HYPERBOLIC REGIONS AND HYPERBOLIC SUMS

Fix r€ Nand 1 < /¢ < r, and let Py(xy,xp,...,x,) be the ¢-th standard symmetric polynomial in
r variables, that is,

Pg(xl,xz,...,xr) = Z Xig Xiy *** Xiy -
1<, <i2<'“<ig<r

In particular,
Py(x1,x2,...,%) =x1+x2+ - +x and  Pr(x1,x2,...,%) = X[ X2 X
Now we introduce ‘discrete’ hyperbolic regions in N” given, for n > ( )

Hf,r(n) = {(i17"'air) eN": Pf(il7i27' "7ir> < n} (2.1)
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Observe that the condition n > (}) ensures Hy ,(n) # @. Moreover, for r = ¢ =2, (2.1) is consistent
with the definition of H;>(n) in the introduction. In what follows, we fix r € {2,3,...} and { €
{1,2,...,r}. Let (Vl("), 2(n), . ,Vr(")) be a random vector uniformly distributed in H ,(n), that is,

1 r
P{v v VY = (i, i)y = ———— (i1, i) € Hy (1), n><)
{( 1 2 r ) ( )} |Hg7r(l/l)| ( ) s ( ) /
We shall also use the following ‘continuous’ counterparts of the discrete regions Hy ,(n):
H () = {(x1,x2,..., %) €RLg 1 Py(x1,x2,...,%,) <c}, 1<L<r >0, (2.2)

where R~ := [0,00). See Figurefor a few illustrations. Note that 77 ,(c) = cl/fe%”g,r(l), by the
homogeneity property of P,. Let Vol denote the r-dimensional Lebesgue measure on R”. It is clear
that Vol (4 (1)) = 1/r! < e and Vol (.74.,(1)) = oo. It will be shown in Lemma #4.3| below that
the volumes of all intermediate regions are finite. Since these volumes will play an important role
in what follows, we introduce the following notation:

%,r==V01<%’%,r(1))=/0 /0 Lip iy <ty dyy, 1S E<r
r times

We do not know whether ”f/&, admits a closed-form expression, for 1 < ¢ < r.

For an arithmetic function f: N — C and n > (2), consider the random variables

frra(n) == £GCD (V™ V" V™)) and fi,0(n) == FLCM V™ VY vy @23)

The following equalities extend formula (1.3):

1
Efy ,6(n) = F(GCD (i1, i, . ,iy)),
trG(n) o, ()] (i17...7i,)ZE’Hgvr(n) ( (i1, )

1
Efy,1(n) FILCM (i, ir).

|Hy - (n)] (i15eeesir) EHp (1)

Thus, deriving the asymptotics of the hyperbolic sums ¥.;, . i)en, ,(n)f(GCD (i1, i,...,i;)) and
Y(iy....ir)et,, (n) S (LCM (i1, i, ..., ir)) is equivalent to finding the asymptotics of the counting func-
tion |Hy ,(n)| and the expectations Ef ,.s(n) and Ef; .1 (n), respectively. The latter will be ob-
tained for various functions f from the corresponding distributional limit theorems for

Gep (v v vy and Lem v v L v,

3. STATEMENT OF THE MAIN RESULTS

3.1. First properties of the uniform distribution on Hy ,(n). We start with some basic asymp-
totic properties of the distribution of (V](n),Vz("), ... ,Vr(n)), which, we recall, is the uniform distri-
bution on the set Hy ,(n) defined in (2.1).



FIGURE 1. Hyperbolic regions defined by (2.2)) with ¢ = 1. The first row: 7] »(1)
and % ,(1). The second row: 7 3(1), 74 3(1) and 773 3(1). The adjective ‘hy-
perbolic’ stems from the fact that, for r > 2 and 1 < £ < r, the set {(x1,x2) €
Réo : Py(x1,x2,¢3,...,¢,) = c} defines either a hyperbola or an empty set for all
c3,...,¢; >0 and ¢ > 0. This term is not quite appropriate in the case £ = 1, in
which J4 ,(c) is an r-dimensional polytope.

Proposition 3.1. Assume that r > 2 and 1 < ¢ < r. Then, for ay,...,0 >0,
1
Y

lim IP’{VI(”) <amn't,. . v < arnl/f} _

n—soo

a o
/() A ]l{Pi()’hyz,.‘.,yr)gl}dyl .- dy,.

Proposition [3.1] as well as all subsequent results stated in this section, will be proved in Sec-
tion [41

In the case r = /¢, the limit relation is of different nature, for the volume 7, is infinite. In
the sequel, we find it more convenient to write distributional limit relations using 4. notation.

n—oo
Specifically, for fixed r € N, the notation

d
(Xn,17~ .. ;Xnyr) — (X] g ,Xr)
n—oo

means that P{X,, | <xp,..., Xy, <x:.} = P{X] <x1,..., X, <x}, as n — oo, for each continuity
point (xp,...,x,) of the distribution function (y,...,y,) = P{X; <y1,..., X, <y }.

LetZy,...,Z,_ be independent random variables with continuous uniform distribution on [0, 1].
Denote by 7MW « 72 < < 7= their order statistics. Put Z(") := 1,

J1:=Z(1) and Jk:Z(k)—Z(k_l), k=2,....r
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Proposition 3.2. Assume that r ={ > 2. Then

10gV™ 1ogv™  logv®”
%% 08% R ) 4, 3.1)
logn logn logn n—soo
or, equivalently,
(n) (n)y,(n) (n) (n)
(long 710g(V1 v )7._.’104‘:{(‘/1 Ve )) 4, (Z(l),Z(z),...7Z(’)). (3.2)
logn logn logn n—yeo

The next result deals with limit theorems for the product Vl(")V2
Proposition 3.3. Assume that r ={ > 2. Then

4 U, (3.3)
n—soo '

where U,., has a continuous uniform distribution on [0, 1].
Assume that 1 < { <r. Then

L Uy, (3.4)
n—oco

where Uy , has the distribution function

P{Uh <x}= / / {Pe(yioy2seeyr) <L, y1y2- yr<X}dy1 -dy,, xe [O’XZJ ) 3.5)

Er

x . (T _’/Z
and 5, = ()
In both cases, forn > ( ) (with £ = r in the first case),

(M) )
P{0<V1 V2 7 r <1}:1. (3.6)
nr

In particular, all power moments of positive orders in relations (3.3) and (3.4) converge to the
corresponding moments of the limit random variables.

Example 3.4. The distribution function of Uj > can be explicitly calculated and takes the following

form:
I++v1—4x
P{Uj, <x}=1—+V1—-4x+2xlog| —————— |, x€10,1/4],
{ 1,2 } g <1 — m) [ / ]
with a density (the derivative) x — 2log <i+ \/%4) Ljo,1 /4}( x). For other values of ¢ < r, there

seems to be no simple closed form expression for P{Uy , < x}.
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3.2. Arithmetic properties of the uniform distribution on H; ,(n). Our next result shows that
without any assumptions on the function f, the random variables f; .c(n) in (2.3) converge in
distribution, as n — oo,

As a preparation, we introduce a collection of random variables, which is of major importance
for the subsequent analysis. Let &7 denote the set of prime numbers and (¥4 (p))ken pcs be a
collection of mutually independent random variables with the following geometric distributions

1 1
P{%(p)=j}=(1--) =, Jj=0,1,2...
{%(p) = J} < p)pl j

Finally, let A,(n) € {0,1,2,...} denote the multiplicity of a prime p in the prime decomposition of

n= H p/lﬂ(”)

pe?

an integer n, that is,

Theorem 3.5. Let f : N — C be an arithmetic function. Then

forc(n) Hf ( H pmlnk I, gk(l’)) . (3.7)

peE

Remark 3.6. The distribution of the random variable

pEJ"
can be characterized as follows. Since the minimum of independent geometric variables has again
a geometric distribution with the parameter being the product of the parameters of individual vari-
ables, the Mellin transform of U ") is given by

E((U(roo H Epsmmk 1.+ %(p H (Zpsj< ) 1 ) _ C(Cr(;)s), s<r—1.

;
pEZ pEZ p]

We have used Euler’s product formula for the last equality.
Theorem [3.7] below is a limit theorem for the LCM.

Theorem 3.7. The following convergence in distribution holds true:

Lem (v v v a,

maxi—1,....r Gk (P)=Li—1 %(p) (3.8)
Wy o e H P ’ '
TARA AL
Lem (v v vy ,
1 ’nriﬁ — :H—;Uér H pr=t -r P} Zk:'gk(p)a (3.9)
peZ

where the random variable U, on the right-hand side of (3.9) is independent of the % (p) and
has the distribution given by (3.3) if ¢ < r, and has the uniform distribution on [0,1] if £ = r.
Moreover; in both relations (3.8)) and (3.9), all power moments of positive orders converge to the

corresponding moments of the limit random variables.
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Our last result is concerned with the asymptotic behavior of the average Ef; 1 (n). Recall that
a real-valued measurable function f defined in a neighbourhood of +o< is called regularly varying
at oo if there exists B € R such that, for all A > 0,

. f(At) g
fim =y =

The parameter f3 is called the index of regular variation of f at co. We refer to [3] for a compre-
hensive information on regularly varying functions.

Corollary 3.8. Let f: Ry ) — R be a locally bounded function which varies regularly at e of index
B > 0. Then, as n — o,
1
Efg n)= fLCM il,iz,...,i
aV,L( ) |Hg7r(l’l)| ( Z ( ( r))

i1y )EHy ()
. B
~ E(Ufﬁj)E (H pmaxk1,4“,r5¢k(P)—Zk_1f¢k(P)) f(nr/f)‘

4. PROOFS OF THE MAIN RESULTS

We start with the detailed analysis of the counting functions |Hy ,(n)|, which is an essential
ingredient for the proofs of our main results.

4.1. Properties of the counting function when / = 1 and / = r. We first consider the case ¢ = 1
and r € N. Then
Hy (n) ={(i1,...,i;) eN"tiy +ir+---+1i, < n},
and there is the obvious exact formula |H ,(n)| = ("), which entails that, as n — oo,
n

[Hip ()] ~ 4.1)

Assume now that r = ¢ > 2. Then

Hy(n) = {(i1,..,ir) €N titig---iy <nj.

Although there is no simple exact formula for the cardinality of H,,(n), one can easily derive the
exact growth rate of |H,,(n)|. This is given in the next proposition.

Proposition 4.1. For fixed r > 2, as n — oo,

nlog" 'n _
[He ()] = = 25+ Olnlog” )
Proof. Put W,(n) := |H,,(n)|. Then W (n) = n and
4 n
W, (n) = ;wr_l (H) . r>2. 4.2)

i=1
7



The claim of Proposition @.1|follows by induction on r with the help of the asymptotic relation

n lo k
2o (2]) - 5 (2) ot 0 -2 i, 0
i=1 i=1

which holds for every fixed k € N. 0J

Corollary 4.2. For fixed r € N, the sequence (|H,.,(n)|)neN is regularly varying at o of index 1,
that is, for each A > 0,

L He([An))]

=A.
n—e  |Hpr(n)]

The result of Corollary [4.2]is less precise than that of Proposition {.1] It is stated here only for
comparison to its counterpart, Corollary which treats the case 1 < ¢ <r.

4.2. Properties of the counting function when 1 < ¢ < r. Comparing (.I)) and Proposition 4.1
and keeping in mind the homogeneity properties of P, one could think that the asymptotics of

=1y, This, however, turns

|H; »(n)| in the intermediate regimes should be of the form C,n" log
out to be wrong in that there is no logarithmic factor, that is, the correct answer is |Hy . (n)| ~ C,n" /
for an appropriate C, > 0. This is, in fact, a consequence of the finiteness of the volumes ¥} , for

(<r.
Lemma 4.3. Forallr >2and 1 < < r, Vol (,,(c)) = ¢'/'Vol (#,,(1)) < o=.

Proof. We proceed in two steps. First, we show that

Vol (71 (1)) < oo. 4.3)
As a second step, we prove that
H,(1) C Aoy (1), L<r. (4.4)
To check (4.3), observe that
Vol (J7_1.4( / / Py (01 y2,eyr) <13 @Y1y

1

; ,j=1,...,r,

Changing the variables z; := (y1y2---y,)/y; or, equivalently, y; = (z1z2 - - )V =1z~
we conclude that the partial derivatives are given by

ay; _ Jor=1)"zz >1/<r Ueilz!, ik,

8



Thus, the Jacobian determinant J is equal to

—r1 11 11
=17 rlzzn — - 1
r—1z2  r-lzz r—1 z12r H rTll L
11 2=r1 0 1 1 | R .
Ay |rlea =l r—1zz [y —1
J:(ZlZz"-Zr)r* 25 r = r r r
: (z1z---zp) T :
1 1 4 r . 2=r1 A1 2=r
r—1zz1  r—1lzz r—172 —1 =1 1
(_l)r—l
N r=27
(r=1)(z1z2--2,) T
whence
1
Z1+2+ +zr<1
Vol (H_y (1) 1/ / {ato Doy dzy
- (z122- =
-1
S —1/ / Jdl"'erZ(r—l)’ < eo.
d (z122- =1
This proves (4.3).

Turning to @.4), pick (x1,x2,...,x,) € 7 ,(1). Then
XiXiy--xi, <1, forevery -tuple 1 <ij<ip<---<i<r

Fix k = 1,...,r and multiply the above inequalities over all /-tuples taken from {1,2,... . k—1,k+
.,r}. This yields xjxp -+ x;_1Xgr1---x < 1 and thereupon P,_j(x1,x2,...,x,) < r, meaning
that (x1,x2,...,x.) € H_1 (7). d

Proposition 4.4. For fixed r > 2 and { <,

. |Her(n)]
Jim =00 =V
Proof. By homogeneity of Py,
|H€ r
nr/( - n"/g Z Z ]l{Pf G ( l/Z Zl Z {Py(iy /n . i /0 ) <T )
=1 i =1

The claim follows from Proposition (see Appendix [A]) applied to the function g(y,...,y,) :=
Lip,(y....y,)<1}- Indeed, while this function is obviously coordinatewise nonincreasing, its integra-
bility follows from Lemma.3] 0

Corollary 4.5. For fixed r > 2 and 1 < { < r, the sequence (|Hy ,(n)|) n>()) is regularly varying at
oo of index r /¥, that is, for each A > 0,

lim M —y
n—e  |Hy ,(n)|
9



Proposition 4.6. For fixedr > 2, 1 </{<randty,...,t, >0,

W) €N Pty i) <) (fp)

nee |H.r(n)]

Proof. If { = r, the claim immediately follows from Corollary 4.2} because
(i1, ir) € N : Po(tyiy,. .. tyir) < n}

= {(i1,....iy) €Nt t1iy - trir <m}| =

(==l

Z Lip, (i, triv)<n}
1

(o]
ilz =
(o]

From now on, we assume that ¢ < r. Write

{ (i1, i) € N Py(t1in,... trir) < n}| =

Z tlll/nl/év 7trlr/nl/[)<1}

Applying Proposition [A.1| with the function g(yy, ... ,yr) = 1p,(11y1,..o)<1} and using Proposi-
tion 4.4, we infer

lim |{(i1,...,ir) IS Nr:Pg(tlil,...,trir) < n}|

e |Hy (n)]
-1
1= e ,
- ”//67,/0 /0 ]]'{P[(tl)’I7~-err)<1}dyl"'dyr: (kl:Iltk> .

n'/ty,
’{(il,...,ir)ENrZPg(l‘lil,...,trir)gn}’gﬁ, 1<l<r, 4.5
12ty

For future use, we note here that

which is a direct consequence of monotonicity. U

4.3. Proofs of Propositions 3.1, 3.2 and 3.3
Proof of Proposition[3.1] The proof again relies on Proposition [A.T|from the Appendix. Note that

P{Vf’” <amn!’,.. v < arnl/f}

{(i1,...,i)) eN" Piy, .. 0p) <myiy <oqn'/t, i < opnt /1)
[Hy,r(n)]
n (i, dn) €NT Py /i nY Y < i ' < oy, i /< oy
n"/*|Hy ,(n)]
and the right-hand side converges, as n — oo, to

1 o o
%r/o A ]l{Pz(yl,yz,---,y,)gl}dyl..,dyr.

10
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We first prove Proposition [3.3] for this result will be used in the proof of Proposition [3.2]

Proof of Proposition[3.3] For a proof of (3.3), note that, for x € [0, 1] and n € N,

{1, sir) ENtiyip - ip < and

|{(i1,...,i,-> eN:iip---i, < l’l}| ’
which, in view of Corollary #.2] converges to x, as n — co. As for (3.4)), write

P{Vl(n)Vz(n) . -Vr(n) <an} =

(4.6)

{(i1,....0r) €N P(iy,. .. 0p) <myiy - iy <o’}
[Hy,r ()]
(i, i) € NC P /e i e ) <1 (G /e ) - (i /) < XY
B n= 11| (n)] |
While the numerator converges to the integral on the right-hand side of (3.5]), by Proposition

IP){VI(H)VZ(”) . Vr(n) < xnr/é} _

applied with g(yy,...,y,) = L(p,(y1,oyr)<1, y1--yr<x}» the denominator converges to ¥;,,, by Propo-
sition The value x}"r in (3.9) is the supremum of the support of Uy ,. It can be found as the
largest real number such that the surfaces Py(xy,...,x,) =1 and xj---x, = xzr have a nonempty
intersection.

Formula (3.6) is obvious for ¢ = r, since, by construction, (Vl(n), . ,V,(n)) is a point chosen at

random in the set H,.,(n). Alternatively, follows on putting x = 1 in @.6). If £ < r, formula
(3.6)) can be proved as follows. By definition, Pg(Vl("), ... ,Vr(n)) < n, which implies
ACRVAONENE Q)

i i iy _
P /e plje e she=1

Y

for all {-tuples taken from {1,2,...,r}. Multiplying all these inequalities, we obtain (3.6). O
Proof of Proposition We first observe that (3.3) implies
tim P{v" v <P} <0, @.7)
n—oo

for every fixed B < 1.
We shall prove a relation equivalent to (3.2), namely, forall 0 < ; < ... < fB,_; < B, < 1 and
sufficiently small Ay, ..., h,_1,h, > 0 such that the intervals

(Blaﬁl +h1]7 (B27ﬁ2 +h2]7 ) (ﬁr—laﬁr—l +hr—1]7 (Br;[))r +hr]
are disjoint,
lim P{V," € (P, nProm) v e (nfe nrtte] vy v € (nf i)
=P{zW € (B B1 + 1), 2% € (B2, fo+hal,..,Z") € (By, B+ 1]}
=(r—1)h e L p>1) (4.8)

The second equality in ([@.8)) follows from the fact that (Z(!), ..., Z"=1)) has a constant density in

the region {(x1,...,x—1) € [0, 1]’_1 tx1 < --- < xp—1 < 1}, which is equal to (r—1)!, see, for
11



instance, formula (1.4) on p. 238 in [8]. An appeal to (4.7) and the fact that Vl(n)Vz(n) . -Vr(n) <n
justifies the equivalence of (4.8) and

lim IEJ>{V1(n) = (nﬁl ) nﬁ1+h1]7vl(n)v2(n) € (nﬁzvnﬁ2+h2]a cee 7V1(n) V2(n) T Vr(f)l € (Vlﬁril ) nﬁ,q-ﬁ-hr—l]}

n—soo
= (r—1)hy - hy_y. (4.9)
The probability on the left-hand side of (4.9)) is equal to
{(i1,...,ir) s iy € (PPt iy € (0P pPrat e Gy i <nd
|Hyr ()] '

Hence, according to Proposition formula (4.9) follows once we can check that the numerator

is asymptotically equivalent to &y - - - h,_ nlog’ ' n, as n — oo, The latter relation can be written as

.Zl l{ile("ﬁl Py .Zl ]l{"ZE(”ﬁZ/ilﬂﬁﬁhz/iﬂ} o Z 1 l{irfle(nﬁr71/(il"'ir72)a"ﬁr71+hr71/(il"'ir—ZH}
i1= =

lr—1=
.le{i&n/(ilw---irfl)} ~ hy---hy_inlog™ ',
ip=

or after calculating the rightmost sum as

i L et b1y i Lyl /i P22 /i) i ]l{ian(nB’*l/(ilmirfz),nﬁ’*ﬁh’*l/(il"-irfz)]}

i1=1 i =1 2 ir—1=1 fr—1

~ hi--h_1log 'n. (4.10)

Relation (4.10) readily follows by induction on r > 2 with the help of the formula

>° ]]- ; a a+h

) ik} hlogn+0O(1), n— co,

i=1 !
which holds for all fixed a,# > 0, uniformly in x and # satisfying xn“ — o. In our setting, the latter
relation is secured by nPr-1 /(i1 ix_p) — oo for every k > 3, which, in its turn, follows in view of

Br—2 4+ hx—2 < Br—1. O

4.4. Prime decomposition. The following proposition lies in the core of our main theorems and
shows that as far as divisibility properties are concerned, the random vector (Vl("), 2(”), e ,Vr(")),
uniformly distributed in the hyperbolic region H, ,(n), behaves as a set of r independent variables
uniformly distributed in {1,2,...,n}, see, for example, Lemma 3.1 in [4].

Proposition 4.7. Assume that r > 2. The following convergence in distribution holds true:

(n)y,(n) (n)
iyl (n) (n) d,
( () ) (U (1 (0). - G(0)) e )

n—yoo

on R x (R")%, where Uy, on the right-hand side is independent of the % (p), for all k=1,...,r

and p € .
12



Proof. Fix m € N, x > 0, pairwise distinct primes py,...,pn € & and arbitrary ji, € {0,1,2,...}
fork=1,....,randt=1,...,m. Write

]P’{Vl(n)Vz(n) V( ") <axn'lt ),pt(V(n)) > jigforallk=1,...,randt =1,...,m}
:IP’{V " V(n)---V(") <axn'l’ ,ptjk’ divides Vk(n) forallk=1,...,randr=1,...,m}

\Hg L X WPl iy o
r =1 ir=1

pl* divides i forall k= 1,.. Lrandt=1,....m}

= Py(iy <nyiy iy <an'l’
‘H&r(n)’jg ,;1 { eeob) SR S

r

Hp’k’ divides iy for all k = 1,...,r}.

For notational simplicity, put t :=[T}~ ptjk’t. Since the sum over iy in the formula above is actually
taken over multiples of y, k =1,...,r, we obtain
PV < nth 2, (V) = iy forallk=1,... randt =1,...,m}

_ |{(ll7al}’) eN": P@(‘ulila"wurir) < n7(.u1i1)"'(urir) gxnr/f}l
|H€,r(n)|

If £ = r, the last quantity converges as n — o to.x/ (i1 - - - l1), by Corollary[4.2] If ¢ < r, it converges

(4.11)

to

1
Vir /o /o LeP (vt eetryr) <1, (i) (ptryr) <y @1 dyr = urP{U&r <xl

by Proposition This finishes the proof, because
1
Hl PP l”l’r

4.5. Proof of Theorem We start by noting that the infinite product on the right-hand side of
(3.7) converges almost surely (a.s.) and in mean. For r = 2, a proof can be found in formula (6.8)

=P{%(p:) = ji, forallk=1,...,randt =1,...,m}. a

of [1], see also [S)]. Since the infinite product is nonincreasing in r a.s., it must also converge for
all r > 3.
We shall use a representation

Gep (v v = T primeete “>:< I )( I )

peX pEL . p<M pEP p>M

where M > 0 is a fixed large number. As n — oo, the first product converges in distribution to

H P G(P)

pEL ,p<M
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which, in its turn, is a.s. converging, as M — oo, to the right-hand side of (3.7). According to
Theorem 3.2 in [2], it remains to check that

- ()
lim limsupIF’{ H pmmk:lwwr/lp(vk ) - 1} =0,

M=o n—eo pEL p>M
which is equivalent to
lim limsupIP’{ for some p € &, p > M, min lp(Vk(")) > O} =0. (4.12)
M=o oo k=1,...,r

Using Boole’s inequality and formula (4.11)) we write

IP{ for some p € Z,p > M,kEnin )Lp(Vk(n)) > 0}

=1,...,r

< Y PRV 1. 40" 2 1)

pEZ . p>M
_ [{(i1,. i) €N Py(pin,. .., piy) < n}|
pEP p>M ’H&r(l’l)‘
_ {(i1,...,ir) €N P(iy,...,ir) <n/p'}]
[He(1n/p"])]

_p€@7p>M ‘H&r(l’l”
Invoking Corollaries 4.2]and {.5]in conjunction with Potter’s bound for regularly varying functions

(Theorem 1.5.6 in [3]]), we infer, for n € N large enough,
[Heo (/P _ 2 2 2

< .
\Hy, (n)]  — (pt)@r=D/20) — pr=1/2 = p3/2
This yields (4.12)), because

lim ) 31/2:0.

M=o pEZ p>M p
4.6. Proof of Theorem [3.7) and Corollary Similarly to the proof of Theorem we start
with a decomposition
Lem (v v v
Vl(n) VZ(n) . Vr(n) PED

where M is a fixed large integer. As n — oo, the first product converges to

H P G(p)—Yi—1%(p)

pEZ . p<M
14



by virtue of Proposition As M — oo, the latter converges a.s. to

H pmaxk:L...,rgk(P)—ZZ:]gk(P)’
peZ

which is an a.s. finite random variable, see Proposition 2.1 in [4].
Appealing once again to Theorem 3.2 in [2], we see that it is enough to check that

lim limsupP H pmaxk:17,_A,,/1p(v,f”))—z,’€:l)LI,(vk(”>) #1p =0,
Moo n—yoo pEP p>M

which is equivalent to

lim limsup]P’{ for some p € Z,p > M,kll}ax lp(Vk(n)) #+ Z )vp(Vk("))} =0. (4.13)

M=o y oo

Observe that

Thus

IP{ for some pe &, p > M,kn}ax ),p(Vk(n)) # Z lp(vk(n))}
=1,...,r k=1

< X P{M(vk(”)»z}
pEL p>M k=1
< Z P{lp(vk(n))22f0rsomek:1,...,r}

pEP ,p>M

+ Y P{/l,,(vf”))>1,7Lp(v.("))>1forsomei,j:1,...,r,i7éj}.
pEZ p>M

Using the fact that the vector (Vl(n) , Vz("), .. ,Vr(n)) is exchangeable, that is, its distribution is invari-
ant under permutations, and then applying formula (.1T]), we conclude that

IP{ for some p € &, p > M,krr%ax kp(Vlc(n)) #* Z Ap(vk(n))}
=1,...,r k=1

<r ¥ P{A,,(vf”>)>2}+r(r_1) y P{zp<vl<”>)>1,;Lp(v2<”))>1}
pEZ p>M pEZ . p>M

y {(i1,..,ir) € N": Py(p?i,in,...,iy) < n}|
pEP p>M |Hy (n)]
+r(r_1) Z ‘{(il’-.-7i}“)eNr:Pé(pil,piz’i?,,...’ir)gn}|
pEP p>M \Hy,(n)]
15
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If £ = r, the right-hand side is equal to
ooy Hulln/)
p€<@7p>M ’Hrvr(n)‘

and (4.13)) follows by appealing to Potter’s bound in the same fashion as we did in the proof of
Theorem If ¢ < r, we apply inequality (4.5) to obtain

2 nr/(Z% ; 1
P< forsome pe P, p>M, max)L #Z?L Z — |-
=L, ‘HZ’( )’ p€@7p>Mp
Sending first n — e and using Proposition[4.4] and then letting M — o yields (4.13)). Thus, (3.8)
has been proved. The second limit relation (3.9)) is justified by the continuous mapping theorem in
combination with the joint convergence

(Vl(”)vz(").--v,(”) LCM(Vl(n),Vz("),...,V,(”))> a, (
r/¢ ! n)y,(n n
p YOy

Ut H U= i (p )):Zﬁﬁ@)) ,
peEP

n—oo
;
which holds true, by Proposition The convergence of all power moments of positive orders
follows from the fact that both variables on the left-hand side are supported by [0, 1].
Corollary follows immediately from formula (3.9) and Proposition in the Appendix,
upon applying the Skorohod representation theorem, see, for instance, Theorem 4.30 in [7]. The
theorem guarantees that there exist versions of the random variables on the left-hand side of (3.9),

which converge almost surely to a version of the limit random variable in (3.9).
APPENDIX A. TWO CONVERGENCE RESULTS
First, we state a result concerning multivariate infinite Riemann sums.

Proposition A.1. Let r € N and g : RY; — Ry be a coordinatewise nonincreasing function. As-

sume that - -
I::/O /0 g1, y2, -, yr)dyr - - -dy, < oo
Then
A 12 ly
nlglgoﬁz l;g( a n)_l
Proof. Put

Iniz/ / giy2s -, yr)dyr - - dy,
1/n 1/n

and note that, by monotonicity,

By the dominated convergence theorem,

0<I—In=/0 /0 gO1Y2s - Y1) Lemin(yy o,y <n 131 dyy = 0, n—re0. [
16



Proposition is used in the proof of the moment convergence in Theorem [3.8] Even though
the result looks rather standard, we have not been able to locate it in the literature.

Proposition A.2. Assume that X is a random variable with P{X = 0} < 1, and (X,),eN is a

sequence of random variables on some probability space (Q,.7 ,P) such that, P-a.s.,

X X
25X as n—o, and 0K =2 <KC for some constant C >0,
an an

where a, — o. Let f : R>o — R be a locally bounded function which varies regularly at o of index
B > 0. Then, as n — o,

Ef(X,) ~ (EXP)f(ay).

Proof. By Theorem 1.5.3 in [3]], there exists a nondecreasing function g such that g(x) ~ f(x), as
x — oo. Fix € > 0 and write

g(Xn) _ 8((Xn/an)an) _ 8((Xn/an)an) 1 n 8((Xn/an)an)
glan) — glan) gla) e T g (a,)

By the uniform convergence theorem for regularly varying functions (Theorem 1.5.2 in [3]]),

]l{X,,/angg} = In(S) —|—Jn(8).

lim I,(e) =XP1x.ey P—as.

n—oo
By monotonicity,

limsupJ,(€) < &P P—as.

n—soo
and thereupon
X,
lim sup §(Xn) < Xﬁ]l{x>g} +ef P-as.
no 8(an)
Hence,
X
lim sup 8(X») < xB P_as.
n—es g(an)

The converse inequality for the liminf is a consequence of

g(Xn) _ g(Xn)
s(an) > glan)

H{Xn/an>8}_>xﬁ]l{X>e}a n—oo P—as.

Thus,
X

n—oo g ay

—XxP P_as.

By monotonicity and regular variation of g in conjunction with the assumption X, /a, < C, the
left-hand side is bounded, which entails

Eg(X

lim Eg(Xn) _ EXB.
n—ee g (an

Further,
lim Eg(Xa) _ EXA.
n—eo f (an}

17



It remains to note that

lim 28%n) _ (A.1)
n—e K f(X,)
Indeed, given € > 0, there exists xo > 0 such that (1 —¢€) f(x) < g(x) < (1 +¢€)f(x), for all x > x.
Thus,
(1-&)Ef(Xy) —(1-¢) Sup ]f(X) S(1=&)Ef(Xn)Lix,>x) <Eg(Xn) < (1+€)Ef(Xy) +g(x0),
x€|0,xg
and (A.1) follows. 0]
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